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Abstract

Let Z and N be the set of integers and the set of positive integers, respectively. For
a,b,c,d,n € N let t(a,b,c,d;n) be the number of representations of n by az(x —1)/2 4+
by(y—1)/2+cz(2—1)/2+dw(w—1)/2 (x,y, z,w € Z). In this paper we obtain explicit for-
mulas for ¢(a, b, ¢, d; n) in the cases (a,b, c,d) = (1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4),
(1,3,9,9), (1,1,3,9), (1,3,3,9), (1,1,9,9), (1,9,9,9) and (1,1,1,9).
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1. Introduction

Let Z and N be the set of integers and the set of positive integers, respectively. Let
7' =7Zx7ZxZxZand N =N x Nx N xN. For n €N let

on)= > d

d|n,deN
For convenience we define o(n) =0 for n ¢ N. For a,b,c,d € N and n € NU {0} set

N(a,b,c,d;n) = [{(z,y,2z,w) € Z" | n = ax® + by* + cz* + dw?}|

*Corresponding author.



and

1 -1 -1 -1
Hab.e.din) = H(x,y,z,w) e n :ax(x2 )+by(y2 )—1—02(22 )+dw(w2 )H

The numbers @ (x € Z) are called triangular numbers.

In 1828 Jacobi showed that

(1.1) N(1,1,1,1;n) =8 ) d.
d|n,44d

In 1847 Eisenstein (see [11]) gave formulas for N(1,1,1,3;n) and N(1,1,1,5;n). From
1859 to 1866 Liouville made about 90 conjectures on N (a,b, ¢, d;n) in a series of papers.
Most conjectures of Liouville have been proved. See [2-7], Cooper’s survey paper [10],
Dickson’s historical comments [11] and Williams’ book [16].

Let

/ N gy, _ow@=1) yly—1) z2z-1) ww-1)
t(a,b,c,d,n)—H(:E,y,z,w)EN |n=a 5 +b 5 +c 5 +d 5 H

As fz(z —1) = 3(—z + 1)(—z) we have
t(a,b,c,d;n) = 16t (a,b, c,d;n).
In [13] Legendre stated that
(1.2) #(1,1,1,1;n) = o(2n + 1).
In 2003, Williams [15] showed that
1 -1
#(1,1,2,2;n) = i d§+3 (d—(-1)7).
For a,b,c,d e Nwithd <a+b+c+d<8let
Cla,b,c,d) = 16 + 4i1 (i1 — 1)is + Siyis,

where i; is the number of elements in {a,b, ¢, d} which are equal to j. When 4 < a+ b+
¢+ d <7, in 2005 Adiga, Cooper and Han [1] showed that

(1.3) Cl(a,b,c,d)t'(a,b,c,d;n) = N(a,b,c,d;8n+a+ b+ c+d).
When a + b+ ¢+ d =8, in 2008 Baruah, Cooper and Hirschhorn [8] proved that
(1.4) Cl(a,b,c,d)t'(a,b,c,d;n) = N(a,b,c,d;8n + 8) — N(a, b, c,d; 2n + 2).

In 2009, Cooper [10] determined t'(a,b,c,d;n) for (a,b,c,d) = (1,1,1,3), (1,3,3,3),
(172’ 27 3)7 (1?37 67 6)7 (1737 4? 4)’ (17 1727 6) and (1737 127 12)'

In this paper, by using some formulas for N(a,b,c,d;n) in [2-7] and Ramanujan’s
theta functions we obtain explicit formulas for t(a,b,c,d;n) in the cases (a,b,c,d) =
(1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), (1,3,3,9), (1,1,9,9), (1,9,9,9), (1,1,1,9),
(1,3,9,9) and (1,1,3,9).



For m,n € N with 2 | m and 2 { n we define

Sm(n) = Z T.
(r,s)EZXZ
n=r24ms>

r=1 (mod 4)

As r? + 252 = 0,1,2,3,4,6 (mod 8) for r,s € Z, we see that Sa(n) =0 for n =57
(mod 8). Also, 72 +4s? = 0,1 (mod 4) for r, s € Z implies that Sy(n) =0 for n=2,3
(mod 4). In this paper, following [7] we also define

s =3°5(2).

din

where () is the Legendre-Jacobi-Kronecker symbol.

2. Formulas for ¢(1,3,9,9;n) and #(1,1,3,9;n)

Ramanujan’s theta functions ¢(q) and ¢ (q) are defined by

pla)= > ¢ =1+23 ¢ and 9(g) =Y ¢" "2 (g <1).
n=1

n=0

n=—oo

It is evident that for |¢| < 1,

> N(a,b,c,din)q" = o(¢")e(q") () (q?),

n=0

> t(ab,e,din)g™ = (") (d") (g (g?).
n=0

From [8, Lemma 4.1] we know that for |¢| < 1,

(2.1) o(q) = o(q*) + 2q¥(¢°)
and
(2.2) W(@)v(d*) = e(@®)v (") + av(a"?)e(d?).

Theorem 2.1. Let n € N. Then
N(1,3,9,9;8n + 22) = 40¢'(1,3,9,9; n).
Proof. By (2.1), for |¢| < 1 we have
p(d") = o(a™) +2¢"0(d™) = o(a'™) + 20" (¢%**) + 24" (™).

Thus, for |¢| < 1 we have

o0
> N(1,3,9,9n)¢"
n=0



= o(q)¢(d*)e(q”)?
= (p(q") +2¢"(¢°*) + 2q0(¢%)) (0(¢"®) + 2¢"9(¢*°) + 2¢°¢(¢**))
x (0(q") + 26°%%(¢*%) + 2¢°¢(¢"))?

= (2(q")e(q"®) + 46" (¢**)¥(¢”°) + 2qv(¢*) 0 (¢*®) + 2¢° ¢ (¢°*)p(¢"°)
+2¢"0(¢*)0(¢*) + 440 (®) Y (®*) + 2629 (¢7)0(¢"°) + 44" (¢* ) (¢*?)
+4¢ (%) (0”)) (9(a"*)? + 447 %(%)? + 46%° (") () + 44" (¢™)?
+4¢° (¢ )0 (q™) + 8¢ (™) (¢™)).

Since -
90(q8k) — 14+ 2Zq8kn2 and (g Z 8kn(n+1)/2 (gl < 1),
n=1 n=0

we see that for any nonnegative integers ki, ko, m1 and msy,
p(g¥) ™M (g*2)™ anqg" (lgl < 1).

Now from the above we deduce that for |¢| < 1,

> N(1,3,9,9;8n + 6)¢""
n=0

= 2q0(q®)(q™) - 8¢9 (¢®*)¥(q™) + 200 (¢*)p(¢"®) - 44" (¢"™)?
+4¢" ()0 (@) - 440 (a™)* + 269 (¢7)p(q'®) - 44" (¢™)?

+ 4¢3 ()0 (") - 4% (a" ) (¢™)
= 16¢"%0(¢") ¥ (¢®) (™) (6°*%) + 84”0 (") (¢*) b (¢™)? + 16¢%* (¢ b (¢* )b (¢™)?
+8¢%°0(q" ) (q") v (g™)? + 160%20(q" ) (¢*) v (g™ (¢7)
and so

1 — _
3 Z N(1,3,9,9;8n + 6)¢> 16
n=0

= 20" 0(¢") () (™) (%) + o (") (¢*)(q) + 29(¢®) Y (¢* ) (¢™)?
+¢0(a") Y (q”)(q™)? + 20(¢" ) (g (™) (¢”).

Replacing ¢ with ¢'/® in the above we obtain

1 & .
gz (1,3,9,9:8n + 22)q

1 — e
§ZN (1,3,9,9;8n + 6)¢" >

=2¢°0(¢°)Y(q ) U(q”)v(q 36)+90( Np(gM)(a”)® + 20(9)v ()Y (¢”)?
+ q0(q*)(q"*)(q°) + 20(q") v (q) v (q”) Y (q").



Now applying (2.2) we get

é E%N(l, 3,9,9;8n + 22)¢"
= 20(q)(¢*)9(°)* + ¢(¢°)*(@)¥(¢*) + 2¢() (¢ (a*)¥(¢”)
= 50(q)v(¢*)(¢”)* = 5> t(1,3,9,9;n)q".
n=0
Comparing the coeflicients of ¢ in the above expansion we obtain the result. [J

For n € N following [6] we define

A = Ya() 800 = () (75)

djn dn
C(n) = ;d(n_/?;l) (%) and D(n) = dZd(?)

Let (a,b) be the greatest common divisor of integers a and b. Suppose that n € N and
n = 2°35n1, where a and 3 are non-negative integers, n; € N and (n{,6) = 1. From [6,
Theorem 3.1] we know that

A(n) = 235 A(ny),  B(n) = (—1)°‘+52°‘(;%)A(n1),
(2.3)
Cn) = (—1)* 535 A(ny) and  D(n) = Ti)A(nl).

Lemma 2.1 ([2, Theorem 1.2]). Let n € N. Then
2A(n/3)+2B(n/3) — C(n/3) — D(n/3) ifn=0 (mod 3),
N(1,3.9,9;n) = { 24(n) — %B(n) +Cn) — éD(n) ifn=1 (mod3),
0 ifn=2 (mod 3).

Theorem 2.2. Let n € N. Then

t(1,3,9,9;n)
0 if3|n—2
4 3 .

BE Z d(&) if 3| n,

= dl4n+11

2371 - 1) S d() 3| n- Land dnt 11 =3 (34 m).

dlni

Proof. By Theorem 2.1,

2
£(1,3,9,9:n) = 16t'(1,3,9,9;n) = ZN(1,3,9,9;8n + 22).



Now applying Lemma 2.1 and (2.3) we deduce that

0 if3|n—2,
4 .
2(3°01 - 5

(n—l))A(nl) if 3| n—1and 4n+ 11 = 3%n; (31 n).

To see the result, we note that

2.4)  A(m) Zd(12 Zd for m € N with (6,m) = 1. O
m
dlm dlm

Lemma 2.2 ([2, Theorem 1.3]). Let n € N. Then

2A(n/3)+2B(n/3) — C(n/3) — D(n/3) ifn=0

(mod 3),
N(1,1,3,9;n) = { 44(n) - %B(n) +2C(n) — %D(n)

ifn=1 (mod 3),
2A(n) — 2B(n) + C(n) — ~D(n)

3 3 ifn=2 (mod 3).
Theorem 2.3. Let n € N. Then
8 3 .
—3 Z d(g) if 3| n,
d|dn+7
8 3 .
#(1,1,3,9n) = { 3 > d(~) if3n—1,
dMn+7
2(3 Zd if3|n—2and 4n+7 =301 (3tny).
dni

Proof. Suppose |g| < 1. Then clearly

D ON(1,1,3,9;n)0" = ¢(q)%0(d*)e(q).

n=0

(@") = o(q"%) + 26" (¢®%) = ©(¢'%%) + 2¢**(¢3%*) + 2¢*¥(¢®F) by (2.1), we see

(50(q16 +2q4¢( 32) 1+ 2q9(¢%))* (0(a™®) + 2¢'29(¢°) + 2¢° ¥ ()

% (SD 144 +2q36¢( 288)+2q9,¢( 72))

= ((q"%)* + 4¢"¥(q 32) (¢'°) + 4% (¢**)?

4q21/}( )? 4+ 4q0(q")v(¢%) + 8¢° ¥ (¢®)v (™))

x (0(g"®)e(g") + 2¢%%0(¢"*) 0 (¢***) + 2¢° (4" (¢™) + 24" (¢"%)p(¢"*)
+ 4% (") 0 (¢*%%) + 462 P () (d?) + 2¢° Y (® ) (q")

+4¢%% (") (%) + 442 (* ) (™).



Note that ¢(g®*1)™1ep(gF2)m2 = 3% 1b,¢%" for |¢| < 1 and any nonnegative integers
ki, ko, m1 and ms. From the above we deduce that

> N(1,1,3,9;8n + 6)¢™"
n=0

= 4qp(q"")0(q®) - 4¢°" 0 (¢*) ¥ (¢) + 8¢ Y (¢®) ¥ (*®) - 2470 (q"®) ¥ (¢™)
+4¢%%(¢%)? - 2¢°0(¢**) Y (*%®) + 46°¢(¢%)* - 2679 (") p(¢**)
+4¢%%(¢®)? - 44" (¢*)(¢™)

and so

1 & _
5 > N(1,1,3,98n + 6)¢™" "

= 2¢%0(q") ¥ (a®) Y (™) (¢”) + 20(¢*) ¥ (¢*) (") (¢™)
+ ()20 (d**) 0 (6®%) + ¥ (d®) 20 (a”®) o (¢"*) + 20(¢®)* Y (¢*) ¥ (¢™).

1/8

Replacing ¢ with ¢*/° in the above we obtain

1 o0
5 > N(1,1,3,9;8n + 14)¢"
n=0

1 _
— §ZN(1,1,3,9;8n+6)q" !
n=0

= 2¢0(*)Y (@) (a”)(a"?) + 20()v (¢ p(d®) Y (a”) + ¥ (a)*e(a®) v (¢*°)
+9(0)*P(q"*)e(q"®) + 20(9)*9(¢*) ¥ (¢?).

Now applying (2.2) we get

1 o0
< > N(1,1,3,9;8n + 14)q"

n=0
= 2w(q)2w(q3)w(q9) +w(q)2w(q3)¢( ) + 20(0)*9(¢*)¥(q”)
= 5h(q)%1( —5275 1,1,3,9;n)q %Z t(1,1,3,9;n)q

Comparing the coefficients of ¢ we obtain
2
t(1,1,3,9;n) = 5N(1, 1,3,9;8n + 14).

Now applying Lemma 2.2, (2.3) and (2.4) we deduce the result. [J

3. Formulas for ¢(1,1,4,4;n), t(1,4,4,4;n), t(1,2,2,4;n)
and t(1,2,4,4;n)
Lemma 3.1. Let a,b,c,d,n € N. Then

t(a,b,c,d;n)



= N(a,b,c,d;8n+a+b+c+d)— N(a,b,c,4d;8n+a+ b+ c+d)

—N(a b,4c,d;8n+a+b+c+d)+ N(a,b,4c,4d;8n+a+ b+ c+d)
N(a,4b,c,d;8n+a+b+c+d)+ N(a,4b,c,4d;8n+a + b+ c+ d)
N(a,4b,4c,d;8n +a+ b+ c+d) — N(a,4b,4c,4d;8n+a+ b+ ¢+ d)
N(4a,b,c,d;8n+a+b+ c+d) + N(da,b,c,4d;8n+a+ b+ ¢+ d)

+N(4a,b,4c,d;8n+a+b+c+d)— N(4a,b,4c,4d;8n+a+ b+ c+d)

N(4a 4b,c,d;8n+a+ b+ c+d) — N(4a,4b,c,4d;8n+a+ b+ c+d)
N(4a,4b,4c,d;8n+a+ b+ c+d) + N(4a,4b,4c,4d;8n +a+ b+ c+ d).

Proof. It is clear that

t(a,b,c,d;n)
x(x—1) +by(y—l) z(z—1) +dw(w_1)}|

2 5 T 2

= |{(z,y,2,w) € /e ! 8n+a+b+c+d
=a(2z — 1)+ b(2y — 1) + ¢(22 — 1) + d(2w — 1)*}|
= |{(z,y,2,w) € A | n = ax® 4+ by* + cz® + dw?,2 | zyzw — 1}|

= {(z,y,2,w) ezt |n=a

:‘{(x,y,z,w)€Z4‘n:aa:2+by2+cz2+dw2,2]yzw—l}‘
—‘{(x,y,z,w)€Z4‘n:4am2+by2+cz2+dw2,2]yzw—l}‘
:‘{(x,y,z,w)€Z4‘n:ax2+by2+czz+dw2,2]zw—l}‘
—‘{(x,y,z,w)eZ4‘n:ax2—|—4by2+cz2+dw2,2|zw—1}‘
—‘{(x,y,z,w)6Z4‘n:4a$2+by2+622+dw2,2|zw—1}}
+‘{(m,y,z,w)EZ4‘n:4am2+4by2—|—cz2+dw2,2|zw—1}‘
:’{(x,y,z,w)€Z4|n:a:c2+by2+c,22+dw2,2|w71}‘
—‘{(x,y,z,w Z4‘n:ax2+by2+4622+dw2,2|w—1}‘
— {(z,y,z,w) € ‘n—ax2+4by2+cz2+dw2 2 | w—1}|
—i—‘{(m,y,z,w)EZ | n = ax® + 4by* + 4c2® + dw?,2 | w — 1}
—‘{(w,y,z,w)eZ | n = 4daz® + by® + ¢z + dw?®,2 | w — 1}
—i—‘{(a:,y,z,w)eZ | n = 4daz® + by® + 4c2® + dw?,2 | w — 1}
+ {(z,y,2,w) € ‘n:4am + 4by? + 2 + dw ,2[w—1}‘
—‘{(w,y,z,w yezt ‘n:4a3:2+4by2+4022—|—dw2,2\w—l}‘
:‘{(x,y,z,w)EZ4!n:ax2+by2+czg+dw2}‘
—‘{(x,y,z,w 6Z4‘n:ax2+by2+622+4dw2}}
— ‘{(:v,y,z,w) ezt ‘ n = az® + by? + 4c2? —|—dw2}}
+ ‘{(x,y,z,w) ezt ‘ n = az?® + by? + 4cz? +4dw2}‘
—‘{(x,y,zjw)ezzl‘n:ax2—i—4by2+c,22+dw2}}
+ {(z,y,2,w) € /e | n = az® + 4by® + c2* + 4dw?*}|
( ) € Z4‘n:a:c2+4by2+4022+dw2}‘
( )€ Z4\nzax2+4by2+4cz2+4dw2}\
( ) € Z* | n = daz® + by? + c2” + dw?}|

+ ‘{ z,Y,z,w
- ‘{ z,Y,z,w

- ‘{ z,Y,z,w



+ {(z,y,2,w) € Z4‘n—4am + by? + ¢z —|—4dw2}‘
—|—‘{(w,y,z,w) Z4‘n*4a:): + by? + 4¢z? —|—dw2}‘
—‘{(x,y,z,w) ‘n—4a:v + by? + 4cz? —|—4dw2}‘
—I—‘{(x,y,z,w)EZ ‘n—4a:r +4by? + ¢z —I—de}‘
—‘{(:B,y,z,w)EZ4‘n—4am +4by? + ¢z +4dw2}’
f‘{(x,y,z,w)EZ ‘n—4am + 4by? + 4c2? +dw2}’
—l—‘{(:v,y,z,w)GZ ‘n—4a:c + 4by? + 4c2? +4dw2}|

Thus the result follows. [

For general positive integer n, in a series of papers A. Alaca, S. Alaca, M.F. Lemire and
K.S. Williams (see [4,5,7]) gave explicit formulas for N (a, b, ¢, d; n) in the cases (a, b, ¢,d) =
(1,1,4,4),(1,1,16,16), (1,1,4,16), (1,4,4,4), (1,4,16,16), (1,4, 4, 16), (1,2,2,4), (1,2,2,16),
(1,2,16,16), (1,2,4,16), (1,2,4,8), (1,2,4,4), (1,2,8,16), (1,4,8,8) and (1,8,8, 16).
Based on Lemma 3.1, we need some special results in [4,5,7] to prove our formulas for
t(1,1,4,4;n), t(1,4,4,4;n), t(1,2,2,4;n) and (1,2,4,4;n).

Lemma 3.2 ([4, Theorem 1.11]). Letn € N withn =2 (mod 4). Then N(1,1,4,4;n) =

4o(n/2).
Lemma 3.3 ([5, Theorems 4.6 and 4.8]). Let n € N and n =2 (mod 8). Then

N(1,1,16,16;n) = N(1,1,4, 16; n)—2a( ) +2(—5 )54( ).

2 n/2

Theorem 3.1. Let n € N. Then
t(1,1,4,4;n) = 2(c(4n+5) + (—1)"S4(4n + 5)).
Proof. Since 22 # 2 (mod 4) for x € Z, from Lemma 3.1 we see that

t(1,1,4,4;n)

= N(1,1,4,4;8n + 10) — N(1,1,4, 16;8n + 10)
~ N(1,1,16,4;8n + 10) + N(1,1,16,16;8n + 10) — N(1, 4,4, 4;8n + 10)

N(1,4,4,16;8n + 10) + N(1,4, 16, 4; 8n + 10) — N(1, 4, 16, 16; 8n + 10)

~ N(4,1,4,4;8n + 10) + N(4,1,4,16:8n + 10) + N(4, 1, 16, 4; 8n + 10)
~ N(4,1,16,16;8n + 10) + N(4, 4,4, 4; 8n + 10) — N(4, 4, 4, 16; 8n + 10)
— N(4,4,16,4;8n + 10) + N (4,4, 16,16; 8n + 10)

— N(1,1,4,4;8n + 10) — 2N (1,1, 4, 16;8n + 10) + N(1, 1, 16, 16; 8n + 10).

Now applying Lemmas 3.2 and 3.3 we obtain

#(1,1,4,4;:n) = 4o(dn + 5) — 2(20(4n +5)+ 2( )54(4n + 5))

In+5
)54(4n+5)

+ 20 (4n + 5) +2(

- 2<a(4n+5) - (

This yields the result. [J

dn +5
>S4(4n + 5))

dn+5



Lemma 3.4 ([4, Theorem 1.18]). Letn € N and n =1 (mod 4). Then
N(1,4,4,4;n) = 20(n).

Lemma 3.5 ([5, Theorem 4.5]). Let n € N and n =1 (mod 4). Then

N(1L4,16,16:m) = Jo(n) + 32+ (~1)"T)Sa(n).

Lemma 3.6 ([5, Theorem 4.7]). Let n € N and n =1 (mod 4). Then
N(1,4,4,16;n) = o(n) + Sa(n).
Theorem 3.2. Let n € N. Then
#(1,4,4,4:n) = %(O’(STL +13) — 354(8n + 13)).
Proof. Since 2 =0,1,4 (mod 8) for x € Z, using Lemma 3.1 we see that

t(1,4,4,4;n)

= N(1,4,4,4;8n + 13) — N(1,4,4,16;8n + 13)
~ N(1,4,16,4;8n + 13) + N(1,4, 16,16;8n + 13) — N(1,16,4, 4; 8n + 13)
+ N(1,16,4,16;8n + 13) + N(1,16,16,4;8n + 13) — N(1, 16, 16, 16; 8n + 13)
~ N(4,4,4,4;8n + 13) + N(4,4,4,16;8n + 13) + N(4,4, 16, 4;8n + 13)
— N(4,4,16,16;8n + 13) + N(4,16,4,4; 8n + 13) — N(4, 16,4, 16; 8n + 13)
— N(4,16,16,4;8n + 13) + N(4, 16, 16, 16; 8n + 13)

= N(1,4,4,4;8n + 13) — 3N (1,4, 4, 16; 8n + 13) + 3N (1,4, 16, 16; 8n + 13).

Now applying Lemmas 3.4, 3.5 and 3.6 we obtain
t(1,4,4,4;n)
3
=20(8n+13) — 3(c(8n + 13) + S4(8n + 13)) + 5(0’(871 +13) + 54(8n + 13))
1
=2 (0(8n +13) — 3S4(8n + 13)).

This proves the theorem. [
Lemma 3.7 ([4, Theorem 1.14]). Let n € N with 2{n. Then

N(1,2,2,4;n) = 20(n).

Lemma 3.8 ([5, Theorems 4.9, 4.11 and 4.13]). Let n € N and n =1 (mod 8).

Then
N(1,2,2,16;n) = N(1,8,8,16;n) = N(1,2,8,16;n) = o(n) + Si(n).

Lemma 3.9 ([5, Theorems 4.1 and 4.4]). Letn € N and n =1 (mod 4). Then
N(1,2,4,8;n) = N(1,4,8,8n) = o(n) + (—1)"T Su(n).
Theorem 3.3. Let n € N. Then

t(1,2,2,4;n) = o(8n+9) — S4(8n +9).
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Proof. From Lemma 3.1 we have

t(1,2,2,4;n)
= N(1,2,2,4;8n+9) — N(1,2,2,16;8n + 9)
1,2,4,8:8n +9) + N(1,2,8,16;8n + 9) —
N(1,2,8,16;8n + 9) + N(1,4,8,8:8n + 9) — N
)
) —

N( N(1
(

— N(4,2,2,4:8n+9) + N(4,2,2,16:8n + 9) + N
(
_N(

1,2,4,8;8n +9)
1,8,8,16;8n + 9)
4,2,8,4;8n + 9)

,8,2,16;8n +9)

/\/\/‘\/‘\

~ N(4,2,8,16;8n + 9) + N(4,8,2,4;8n +9) — N(4
4,8,8,4;8n +9) + N(4,8,8,16;8n + 9)
=N(1,2,2,4;8n+9) — N(1,2,2,16;8n +9) — 2N(1,2,4,8;8n + 9)
F2N(1,2,8,16;8n +9) + N(1,4,8,8;8n +9) — N(1,8,8,16;8n +9).

Now applying Lemmas 3.7, 3.8 and 3.9 we obtain

t(1,2,2,4;n)

=20(8n+9) — (c(8n+9) + S4(8n+9)) —2(c(8n +9) + S4(8n +9))
2(08n+9)+S4(8n+9))+0(B8n+9)+ S4(8n+9) — (c(8n+9) + S4(8n +9))

=0(8n+9) — S4(8n+9),

which completes the proof. [J
Lemma 3.10 ([5, Theorems 4.17 and 4.18]). Letn € N and n = 1,3 (mod 8).
Then
N(1,2,4,16;n) = N(1,2,16,16;n) = S(n) + Sa(n).

Lemma 3.11 ([7, Theorem 5.4]). Let n € N with 24 n. Then
N(1,2,4,4;n) = 25(n).
Theorem 3.4. Let n € N. Then

H1,2,4,4m) = — > d( )—52 8n + 11).
d|8n+11

Proof. Since 22 = 0,1 (mod 4) for z € Z, from Lemma 3.1 we see that

t(1,2,4,4;n)

= N(1,2,4,4;8n + 11) — N(1,2,4,16;8n + 11)
— N(1,2,16,4;8n + 11) + N(1,2, 16, 16; 8n + 11) — N(1,8,4,4; 8n + 11)

N(1,8,4,16;8n + 11) + N(1,8,16,4: 8n + 11) — N(1,8, 16, 16;8n + 11)

~ N(4,2,4,4:8n + 11) + N(4,2,4,16;8n + 11) + N(4,2,16, 4; 8n + 11)
~ N(4,2,16,16;8n + 11) + N(4,8,4,4;8n + 11) — N(4,8,4,16;8n + 11)
— N(4,8,16,4;8n + 11) + N(4,8, 16,16 8n + 11)

— N(1,2,4,4;8n + 11) — 2N(1,2,4,16;8n + 11) + N(1,2, 16, 16; 8n + 11).

o~~~ o~

Now applying Lemmas 3.10 and 3.11 we obtain

t(1,2,4,4;n) = 25(8n + 11) — 2(S(8n + 11) + So(8n + 11)) + (S(8n + 11) + Sy(8n + 11))
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= S(8n 4 11) — Sy(8n + 11).

Since

senen= 3 5= X d(grma) = - 2 43).

d|8n+11 d|8n+11 d|8n+11

from the above we deduce the result. OJ

4. Formulas for ¢(1,3,3,9;n), t(1,1,9,9;n), t(1,9,9,9;n)
and t(1,1,1,9;n)
For a,b,c,d,n € N let
No(a,b,e,d;n) = H(m,y,z,w) ez? } n = az® + by? + ¢z® + dw?, 2{93yzw}|.

From the proof of Lemma 3.1 we know that
(4.1) t(a,b,c,d;n) = No(a,b,c,d;8n +a+b+c+d).

Lemma 4.1. Let n € N and n 4+ 1 = 2°3%n; with (6,n1) = 1. Then

t(1,1,3,3;n) = 295 (ny).
Proof. By [8, Theorem 1.5],

AN(1,1,3,3;n+1) if 2 | n,

#(1,1,3,3:n) = 16'(1,1,3,3:n) =
( n) ( n) {2(N(1,1,3,3;2n+2)—N(1,1,3,3;n+1)) if 24 n.

Ramanujan (see [9, pp. 114,223]) gave theta function identities equivalent to the following
Liouville’s conjecture (see [11]):

4o(nq) if 2 | n,

N(1,1,3,3;n+1) =
( nt1) {4(2a+1—3)a(n1) if 2 n.

Since 2n + 2 = 2°t138n; | combining all the above yields the result. O
Theorem 4.1. Let n € N and n + 2 = 2°3°n; with (6,n1) = 1. Then

0 ifn=2 (mod 3),
t(1,3,3,9;n) = { 2°Tg(ny) ifn=1 (mod 3),
2°t35(ny) ifn=0 (mod 3).
Proof. From (4.1) we know that ¢(1,3,3,9;n) = No(1,3,3,9;8n 4+ 16). If 3 | n — 2,

then 8n + 16 = 2 (mod 3). Since 22 # 2 (mod 3) for any z € Z, we get t(1,3,3,9;n) =
No(1,3,3,9;8n +16) = 0. If 3| n — 1, then 3 | 8n + 16 and so

£(1,3,3,9;n) = No(1,3,3,9; 8n + 16)
= [{(z,y,2,w) € Z* | 8n + 16 = (3z)* + 3y* + 327 + 9w?, 2} zyzw}|

12



= H(:c,y,z,w) ezt ‘ 8113;16 =322 + % + 22 + 3u?, QTxyzw}’

= No(1,1,3,3;8(n — 1)/3+8) = t(1,1,3,3; (n — 1)/3).
If 3 | n, since 22 + y> =8n + 16 = 1 (mod 3) implies 3 | z or 3 | y we see that

t(1,1,3,3;n+ 1) = No(1,1,3,3;8n + 16)
= {(z,y,z,w) € Z' | 8n+ 16 = (3z)* + y* + 32° + 3w?, 2{ayzw}|
+ |{(z,y,z,w) € Z* | 8n+ 16 = 2% + (3y)? + 32° + 3uw?, 2 ayzw}|
= 2Np(1,3,3,9;8n + 16) = 2¢(1,3,3,9: n).

Now combining the above with Lemma 4.1 yields the result. [J

For variable ¢ with |g| < 1 define

[o.¢] oo
g [T =" => " c(n)g™
n=1 n=1
From [12, p.374] or [14, p.121] we know that
my=x Y (-1
3
z,YyEL
n=x2+3xy+3y>
3lz—2, 2|y—1
Thus,
1 1
() = 5 > Cre=g Y ()
I,’yeZ x,yEZ
n=x2+3x(1+2y)+3(1+2y)>? An=x243(zx+2+4y)?
=2 (mod 3) =2 (mod 3)
and so
1
(4.2) c(n) = 3 > (—1)%.

dn=a%+3b? (a,b€Z)
a=2 (mod 3),b=a+2 (mod 4)

Lemma 4.2 ([2, Theorems 1.5 and 1.6]). For n € N we have

4o(n) —8c(n/2) ifn=2,4 (mod 6),
N o go(n) ifn=>5 (mod 6),
(L 1,9,95m) = 4 8 /9) — 320(n/36) ifn=0 (mod6).

4 8 o
ga(n) + gc(n) ifn=1 (mod 6)
and
8a(n/9) ifn=3 (mod 6),
N(1,9,9,9;n) = ¢ 20(n) —40(n/2) ifn=4 (mod 6),

8c(n/9) — 320(n/36) ifn=0 (mod 6).
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Lemma 4.3 ([3, Theorems 2.5 and 2.10]). For n € N with 4 | n we have

and

%0(7}/4) - 1—360(71/16) + %c(n/él) ifn=4 (mod 12),
N(1,1,36,36;n) = %a(n/él) - %f(n/m) ifn=8 (mod12),
80 (n/36) — 320(n/144) ifn=0 (mod 12)
go(n/4) _ 1—360(n/16) + gc(n/él) ifn=4 (mod12),
N(1,4,36,36,n) = %J(n/él) - ?0(71/16) ifn=8 (mod 12),
8c(n/36) — 320(n/144) ifn=0 (mod 12).

Lemma 4.4 ([3, Theorem 2.4]). Forn € N with 4 | n we have

%a(n/él) — ?a(n/lG) + 20(71/4) ifn=4 (mod 12),
N(1,1,9,36;n) = %U(n/él) - %;(n/m) ifn=8 (mod12),
8c(n/36) — 320 (n/144) ifn=0 (mod 12).

Lemma 4.5 ([3, Theorem 2.8]). For n € N with 4 | n we have
ga(n/él) - ?dn/m) + gc(n/ll) ifn=4 (mod12),
N(1,4,9,9n) = %0(71/4) - ?U(n/lﬁ) fn=8 (mod12),
80 (n/36) — 320(n/144) ifn=0 (mod 12).

Lemma 4.6 ([3, Theorem 2.9]). For n € N with 4 | n we have

%J(n/él) _ ?a(n/l(i) + gc(n/él) ifn=4 (mod12),
N(1,4,9,36;n) = ga(n/él) - ?0(11/16) ifn=8 (mod 12),
80(n/36) — 320 (n/144) ifn=0 (mod 12).

Lemma 4.7 ([3, Theorem 2.15]). Forn € N with 4 | n we have
ga(n/ll) - ?a(n/lﬁ) + gc(n/él) ifn=4 (mod 12),
N(4,4,9,9n) = %U(n/ll) — ?0@/16) ifn=8 (mod 12),
8c(n/36) — 320(n/144) ifn=0 (mod 12).

Lemma 4.8 ([3, Theorem 2.16]). For n € N with 4 | n we have

L o n)4) 1—360(71/16) + gc(n/él) ifn=4 (mod12),

3
N(4,4,9,36;n) = %a(n/él) - L;U(n/lt")) ifn=8 (mod12),
8 (n/36) — 320(n/144) ifn=0 (mod 12).
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Theorem 4.2. Let n € N. Then

20(271 +5) ifn=0 (mod 3),
2 5
£1,1,9,9:m) = 107 n9+ ) ifn=2 (mod9),
0 ifn=58 (mod9),
§(U(2”+5) —c¢(2n+5)) ifn=1 (mod 3).

3
Proof. For n =2 (mod 3) we see that 3 | 8n + 20 and so

#(1,1,9,9:n)

— No(1,1,9,9: 8n + 20)

= |{(z,y,2,w) € 7 | 8n +20 = (3z)% + (3y)* 4+ 922 + 9uw?, 2¢ zyzw}|

{0 if9tn—2,

8n + 20 —9 o + 5
N0(1,1,1,1;L):t(1,1,1,1;”T):160( Ty itgn—2.

9

Now assume n = 0,1 (mod 3). By Lemma 3.1,

#(1,1,9,9;n)

= N(1,1,9,9;8n + 20) — 2N(1,1,9, 36; 8n + 20) + N(1, 1,36, 36; 8n + 20)
— 2N(1,4,9,9;8n + 20) + 4N (1,4,9, 36; 8n -+ 20) — 2N(1, 4, 36, 36; 8n + 20)
+ N(4,4,9,9;8n 4 20) — 2N (4,4, 9, 36; 8n + 20) + N(1,1,9,9; 2n + 5).

For n =0 (mod 3) applying Lemmas 4.2-4.8 we see that

t(1,1,9,9;n)
8 20 4 8 20 16 8 20
— 40(8n +20) — 8o (E ) - 250 ”I ) - ol ”1*(; ))

4 8n+20 16 8n+20 2% 8n+20, 16 8n+20

I S S A G v A T e Al KA T )2)
+4(§U(8n120)_§0(8n1§20>)_2(§0(8n120)_1§60(8n1—2 )

4 8n+20 16 8n+20 4 8n+20 16 8n 420 4

+§U( I ) 30( 16 )—2(30’( 1 )—ga( 16 ))—|—§0(2n+5)
=280(2n+5) —240(2n +5) — 20(211 +5) + %0’(4”2_ 5) + %0(2n +5)
= 20(271 +5).

For n =1 (mod 3), applying Lemmas 4.2-4.8 we find that

£(1,1,9,9;n)
8n + 20 4 8n+20. 16 8n+20. 8 8n+20
- 20) — _9(2 el A
o(sn +20) — 802 o Lo P20y 0, S 8 S 20))
4 8n+20. 16 8n+20. 8 8n+20 4 8n+20. 16 8n+20
30 ) g )t ) 2o ) — gl )

3
8 8n+ 20 4 8n+4+20, 16 ,8n+20
3¢ +4(s0 - —

( ! ) (3 ( : ) 30( ns 8n + 20 éa 8n + 20

) eI — 2o (T
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16 8n+ 20 8 8n + 20 4 8n+20 16 8n+ 20 8 8n + 20

I S I S T S T S KA TR S R
4 8n+ 20 16 8 +20, 8 8n+20 4 8

—2(= - = - —o(2n+5)+ —c(2n+5
(30( 1 ) 30( 16 )+3c( 1 ))—1—30( n+ )—|—3c( n+5)

1 4
=280(2n+5) — 240(2n +5) — 20(2?1 +5) — §C(2n +5)+ 50(271 +5)+ §C(QTL +5)
8

= g(a(Zn +5) —c(2n +5)).

The proof is now complete. [
Theorem 4.3. Let n € N. Then

2
160( n; 7) ifn=1 (mod?9),
t(1,9,9,95n) =4 0 ifn=2,4,57,8 (mod9),
4
—(c(2n+7)—c(2n+7)) ifn=0 (mod 3).

3

Proof. For z € Z we see that z(z — 1)/2=10,1,3,6 (mod 9). Thus, ¢(1,9,9,9;n) =0
for n = 2,4,5,7,8 (mod 9). Now we assume that n = 0,1,3,6 (mod 9). For n = 1
(mod 9) we see that 9 | 8n 4 28 and so

£(1,9,9,9:7) = No(1,9,9,9; 8n + 28)
= H(x,y,z,w) ez* ‘ 8n 4 28 = (32)% + 9y* + 92% + 9u?, 2)(:Uyzw}|

8n—|—28) :t(l,l,l,l;ngl) :160(271—1-7)‘

:NO(]-alvlvl;
For n =0 (mod 3) we see that

t(1,1,9,9;n 4+ 1) = Np(1,1,9,9; 8n + 28)
= {(z,y,2,w) € Z* | 8n + 28 = (32)% + y? + 92° + 9w?, 2fzyzw}|
+ {(z,y,z,w) € Z* | 8n + 28 = 2% + (3y)? + 927 + 9w?, 2 ayzw}|
= 2No(1,9,9,9; 8n + 28) = 2¢(1,9,9,9; n).

Now applying Theorem 4.2 we deduce the result in this case. [
Theorem 4.4. Let n € N. Then

oM +3
4o (2n +3) + 120(22F

( ) ifn=0 (mod 3),
t(1,1,1,9;n) = 80(2n + 3) ifn=1 (mod 3),

4(c(2n +3) — c(2n + 3)) ifn=2 (mod 3).

Proof. For n =0 (mod 3) we see that 3 | 8n + 12. If 8n + 12 = 22 + y? + 22 + w? for
x,Yy,z,w € Z, then either x =y =2z = w =0 (mod 3) or zyzw = +3 (mod 9). Thus,

No(1,1,1,1;8n + 12) = 4Np(1,1,1,9; 8n + 12) — 3Ny(9, 9,9, 9; 8n + 12).
This together with (4.1) yields
4t(1,1,1,9;n) ifn=0,6 (mod?9),

4t(1,1,1,9;n)—3t(1,1,1,1;g) ifn=0 (mod 3).

t(l,l,l,l;n—{—l)z{
9
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Now combining the above with (1.2) yields the result in this case.
Suppose n = 1 (mod 3). Then 8n + 12 =2 (mod 3). If 8n + 12 = 22 + y? + 22 + Juw?
for z,y,z,w € Z, then 3 | xzyz but 91 xyz. Thus,

#(1,1,1,9:n) = No(1,1,1,9; 8n + 12)
= {(z,y,2,w) € Z* | 8n + 12 = (32) + y* + 2% + 9w?, 2} zyzw}|
+ {(z,y,2,w) € Z* | 8n+ 12 = 2% + (3y)? + 22 + 9w?, 2{ ayzw}|
+ {(z,y,2,w) € z* | 8n+12 = 2% + 3> + (32)> + 9w?, 2f ayzw}|
= 3Np(1,1,9,9;8n + 12) = 3¢(1,1,9,9% n — 1).

This together with Theorem 4.2 yields the result in this case.
For n =2 (mod 3) we see that 8n + 12 =1 (mod 3) and so

#(1,1,1,9:n) = No(1,1,1,9;8n + 12)
= {(z,y,2,w) € Z* | 8n + 12 = (32)% + (3y)? + 2 + 9w?, 2{ ayzw}|
+ {(z,y,z,w) € Z* | 8n+ 12 = 2% + (3y)? + (32)> + 9w?, 24 zyzw}|
+ {(z,y,z,w) € Z* | 8n+12 = (32)* + y* + (32)* + 9w?, 2} zyzw}|
= 3Ny(1,9,9,9:8n + 12) = 3¢(1,9,9,9; 1 — 2).

Now combining the above with Theorem 4.3 yields the result in the case n =2 (mod 3).
The proof is now complete. [

In conclusion we pose the following conjecture.
Conjecture 4.1. Suppose n € N and 8n + 9 = 3°ny with 31 ny. Then

1 3 3 .
(L3 4m) =3 (3 (2) -1) Ya(5) - X (DT
" d|n1 a,beN, 2ta
4(8n+9)=a’+3b>

Conjecture 4.1 has been checked for n < 1000.
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