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Notations.
Z—the set of integers, N—the set of positive integers.
For a,b € Z the Lucas sequence {u,(a,b)} is defined by

up(a,b) =0, uy(a,b) =1 and u,11(a,b) = buy(a,b) — auy—1(a,b) (n > 1).

So F,, = unp(—1,1) is the Fibonacci sequence, and u,, = u,(—1,2) is just the Pell
sequence.

In the paper [z] denotes the integral part of z, {x}(= x — [z]) denotes the fractional
part of z, () denotes the Legendre symbol, and g,(a) = aP~t —1)/p.
3.1 Introduction and basic lemmas.

Lemma 3.1. Let p,m, k, s be positive integers. Then

p—1
Z a® = (—m)*F Z a® (mod p).
aEspc(lrigd m) (S:nl)p<a§%

Corollary 3.1. Let p be an odd prime, m,s € N and ptm. Then

(mod p).
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Corollary 3.2. Let p be an odd prime, m € N and p{m. Then

[22] -1y
m % (mod p).
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Corollary 3.3. Let p be an odd prime, k,m,s € N, 2+m and ptm. Then

1)k p—1  1\k—1
Z (;) =m(—1)° Z =V 1]{): (mod p).

(s=Dp sp k=1
m k< k=sp(mod m)

3.2 Fp—(%)/p and Up_(%)/p.
For m,pe N and s € Z let

Km(svp) = T
k=1
(mo

k=sp d m)

Lemma 3.2. Let p be an odd prime, m € N, s;,t € Z, pfm and s+t =1 (mod m).
Then

Km(svp) = _Km(tvp) (mOd p)

Theorem 3.1. Let p # 2,5 be a prime, q,(a) = (a?~! — 1)/p, and let F,, be the
Fibonacci sequence. Then

. Fp_ 5
(i) 10K10(1,p) = —10K10(0,p) = 245(2) + 3,(5) + 22 - =2 (mod p),
g Fp(3)
(i) 10K10(2,p) = —10K10(9,p) = —2¢,(2) — 5 - —*= (mod p),
F s
(iii) 10K10(3,p) = ~10K10(8,p) = 24,(2) — 52" (mod p),
F_ s
(iv) 10K10(4,p) = —10K1(7,p) = —24,(2) + 5 - ——* (mod p),
: Fp(2)
(i) 10K10(5,p) = —10K10(6,p) = 24,(2) — 3¢,(5) + 7 - = (mod p).
Theorem 3.2. Let p # 2,5 be a prime. Then
Foo3) pl
(1) (Z.H.Sun and Z.W.Sun,1992) — = = -2 Py + (mod p);
k:2p(?nod 5)
F
(2) (H.C.Williams, 1991) ~—2 = 2 1 (mod p);
Pk<?l
Fp_(é) _1\k—1
(38) S5 =3 5 (mod p);
1<k< 2P
4) (H.C.Williams, 1982) 2= = _2 D™ (mod
(4) (H.C.Williams, ) 5 =-5 X —— (mod p);
1<k<ZP
Fps) _1)
(5) 5= =3 - (mod p) (p # 3);
E<k<t
Fp,(é) p—1 _\k—1 p—1 k=1
©5==6( L HHe- E S (modp) (£ 3)
k=4p(mod 15) k=5p(mod 15)
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Fp*(é) pl
(7) == = 4 3 & > (modp) (p#3);
p k=1 P2ocp<B
k=2p,3p(mod 10) 10 .
Fp*(é) -
(8) 1 = 3 ((—1)le/l ([1]’9/;}) —1)/p— gp(5) (mod p).

We remark that Theorem 3.2(5) and (6) provide a quick way to calculate the
Fibonacci quotient F),_ s, /.
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Theorem 3.3. Let p be an odd prime, u, = u,(—1,2), and ¢,(2) = (2P~1 —1)/p.
Then

(i) 8Kg(1,p) = —8K53(0,p) = 4¢p(2) + 2up_(%)/p (mod p);
(i) 8K5(2,p) = —8Ks(7,p) = —¢p(2) — 2up_(%)/p (mod p);
(iif) 8K5(3,p) = —8K3(6,p) = ¢p(2) — 2u,,_(2)/p (mod p);
(ili) 8K5(4,p) = —8K5(5,p) = —2q,(2) + 2up_(%)/p (mod p).

Theorem 3.4. Let p be an odd prime and w,, = u,(—1,2). Then

o Up=(2) _
(1) =5 = —24,(2) + 5 (=D (P g) —1)/p (mod p).
oy U= (2) pl
(ii) E. =2 kz 1=1 ) + (mod p);
kzzp,gp_(xlnod 8) 5 <k<F
U, (2
(iii) (Z.W.Sun) ——2 = 1 DY (mod p);
E<k<%
“p—(2) _1\k
(iv) = =1( ¥ L+ o) (mod p) (p # 3)
E<k<t T<k<¥
In 1991, H.C.Williams proved that
Up—(2) 1 1
P =— - d
" i N (mod p)
Bck<

3.3 F(p)/p (mod p).
Let E,(z) be the Euler polynomials given by

E,(z) + io (Z)Er(a:) = 2" (n=0,1,2,...).

Lemma 3.3. Let p be an odd prime, z,y,n € Z, x =y (mod p) and 0 <n < p — 2.
Then

E,(x) = E,(y) (mod p).

Theorem 3.5. Let F(0) =1, F(1) =0, F(2) =2 and F(n+2) = 3F(n) — F(n—1)
(n=1,2,3,...). If p > 3 is a prime, then p | F(p) and

Pl — ) :

X [59”%131,_2({%}) ~ 24p(2) (mod p).
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3.4 5" (mod p).

Proposition 3.1. Let p be a prime of the form 4k + 1, and p = a? + b* with 2} a
and 2 | b.
(i) (Gauss) If p=1 (mod 8), then 4 | b and

p—1

27T = (—1)% (mod p);
(ii) (Dirichlet) If p=5 (mod 8), a =1 (mod 4) and b =2 (mod 8), then
2" = b/a (mod p).
Lemma 3.4. Let p be an odd prime, a,b € Z, p { a(b* — 4a), (%) =1and ¢ =

a (mod p).
(i) If (B=22) = 1, then

b—2c
b

upts(a,b) = ( ) (mod p), upi(a,b) =0 (mod p).

(ii) If (B=42) = —1, then
b—2¢
p

upTH(a,b) =0 (mod p), up%l(a, b) =

ol

(

Theorem 3.6. Let p > 5 be a prime of the form 4k+1, and p = a®? +b* with a,b € Z
and 2 | b.
(i) (Gauss) If p=1,9 (mod 20), then
510—1_{ 1 (mod p) 5|0,
|l -1 (mod p) if5]a.
(ii) If p= 13,17 (mod 20) and a = b (mod 5), then

) (mod p).

5T = b/a (mod p).

Corollary 3.4. (E.Lehmer, 1966) Let p = 1,9 (mod 20) be a prime, and p = a* + b?
with a,b € Z and 2 | b.

(i) If p=1,29 (mod 40), then p | Fp%l < 5|b;

(ii) If p = 9,21 (mod 40), then p | Fprl <~ 5]a.

Conjecture 3.1. Letp =5 (mod 12) be a prime, and p = a®+b* with b = 0 (mod 2)
and a = —b (mod 3). Then

p

(—3)%1 =b/a (mod p).

Conjecture 3.2. Let p = 3 (mod 8) be a prime, and p = x? + 2y with z =

5,7 (mod 8) and y = 3 (mod

o W
S~—
3
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zt+y

(~1)I™] (mod p).



