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Notations. '

Z—the set of integers, (%)—the Jacobi symbol, (%) ,—the quartic Jacobi
symbol, (m,n)—the greatest common divisor of m and n, Z[i]—the set {a + bi |
a,b € Z}, m—the complex conjugate of 7.

For a,b € Z the Lucas sequence {u,(a,b)} is defined by
ug(a,b) =0, uy(a,b) =1 and u,11(a,b) = buy(a,b) — auy—1(a,b) (n > 1).

For odd prime p and quadratic residue ¢ (mod p) let v/t denote one of the solutions
of the congruence x? =t (mod p).

Proposition 1. Let m be a positive odd number, a,b € Z and (a®>+b*,m) = 1. Then
<a+bi>2 B <a2 + b2)
m Ja m /)

Theorem 1. Let p be an odd prime and b, c € Z.
(1) If (%) =1 and ptc(b+c), then

(55 =)=

p p p

(2) If p=3 (mod 4), p1c and (%) =1, then

<b+0i>4: (2\/m>(b+\/m>.

p p p
(3) If p=3 (mod 4) and (%) = —1, then
; ) Vb2 —2i ' e (= 2/4.b)
(64]—901)4:_(20 ]l; c ><b+ ]l; c Z)4:z(%)<u pc )



Theorem 2. Let p and q be primes such that p = 3 (mod 4), ¢ = 1 (mod 4) and
(%) =1, and let ¢ = b* + ¢ with b,c € Z and 2 | c.

(i) If p | ¢, then z* = p (mod q) is solvable if and only if ¢ =1 (mod 8).

(ii) If p | b, then x* = p (mod q) is solvable if and only if ¢ = p + 2 (mod 8).

(ii7) If p 1 be, then x* = p (mod q) is solvable if and only if (%) = (—1)%,

p+1

where \/q satisfies the condition <\/?a) =(-1)"

If p is a prime of the form 4k + 3, a,b € Z and (“2].%(’2) =1, then

2 a—i—bi)? (a2+62>

{(a—f—bi)piT_l}4 = (a—kbi)pT_1 = ( ; =1 (mod p).

2_
Thus there is a unique r € {0,1,2,3} such that (a + bi) "= =T (mod p). From this

atbi)

we define the octic residue symbol ( o )s = "

Lemma 1. Let p be a prime of the form 4k + 3, a,b € Z, 21 a, 2 | b, (M) =1

)
and ( v “2;62) = (a;bi)él. Then

<a+bi)8 (W—i— (x —a) 2i>

p

Y

4

where

pevaee, (VEEOE) Ly g (VEEUR) (2

p p

Theorem 3. Let p be a prime of the form 4k+3, a,b € Z, p t ab, (“+b7’) =1. Then

(a—i—bi)s <2b>(b+\/ VaZ +b2)2 + b2

p p

where

VETF (a— VT R)? 4+
(VTR (Y )= (%)

b p

Proposition 2. Let a,b,c,d € Z, 2t¢c, 2|d, (c,d) =1 and (a® + b*,c* +d?) = 1.
Then
a+ bi\2 2+d2-1 sad — be
(2o (),
c+di/a c?+d?
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§3. The simple proofs of Burde’s reciprocity law and Scholz’s reciprocity
law.

Let p and ¢ be distinct primes of the form 4k 4 1, and let ¢, = (¢, + u,/pP)/2 and
gq = (tq + uq/q)/2 be the fundamental units of quadratic fields Q(/p) and Q(,/q)

respectively. Then clearly ¢2 — pus = —4 and t2 — qu2 = —4.
Scholz’s reciprocity law asserts that if (%) = (%) =1, then

(3)-)
q p/

Now we deduce Scholz’s reciprocity law from quadratic reciprocity law. Suppose
tp +tg = 2%m with 24 m. Then

() =(1%) = () = (Rt fa =)
- ()= (2)=(2)
Thus, if p = ¢ (mod 8), then (]%) = (%) and so
() = () () = (2)(2) = (25,

If p=1 (mod 8) and ¢ = 5 (mod 8), then clearly 8 | ¢,, t;, = 1 (mod 2) or t, =
4 (mod 8). Hence a = 0 or 2 and so

() =)= (=) - (7

By symmetry, if p =5 (mod 8) and ¢ = 1 (mod 8), we also have (t”;tq> = (t"j;tq >

Now, by Theorem 1(1) we have

() (1222 () () ) (Y
_ (tp+\/—_4) _ (tp+tq>'

q

By symmetry we also have
()=
p p /)
Hence by the previous claim we get

()= (5= (559 -(3)
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This proves Scholz’s reciprocity law.

Let p and ¢ be distinct primes of the form 4k + 1, p = 77 and ¢ = A\, where 7 and
A are primary primes in Z[i]. Burde’s reciprocity law states that if p = a? + b2, ¢ =
c?+d?,2tac and (g) =1, then

(D.(R),= o (7).

Now we use quartic reciprocity law to prove Burde’s reciprocity law. Write m =
a+ bt and A = ¢+ di. By Propositions 1, 2 and quartic reciprocity law we have

(2. ()= () -

and

/N
3 | >
N—
N
/N
> A
N——
N

[l
/N

N> A >

I
VS

Thus

This proves Burde’s reciprocity law.



