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Abstract

Let Z and Z™ be the set of integers and the set of positive integers, respectively. For
ai,...,ag,n € Z* let t(aq,...,ax;n) be the number of representations of n by ayz1(z1 +
1)/2 + agwo (g + 1)/2 + -+ + agzi(xr + 1)/2, and let N(ay,...,ar;n) be the number
of representations of n by ajz? + agxd + -+ + akaji, where x1,29,...,2; € Z. In this
paper, using theta function identities we establish seventeen transformation formulas for
t(ai,...,ax;n), and reveal many relations between t(a, b, ¢, d;n) and N(a,b, ¢, d;n), where
a,b,c,d € 7.
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1. Introduction

Let Z and Z* be the set of integers and the set of positive integers, respectively. For
a,b,c,d € ZT and n € {0,1,2,...} let N(a,b,c,d;n) be the number of representations of
n by ax? + by? + c2? + dw?, where z,y, z,w € Z. In 1828 Jacobi showed that

N(1,1,1,1;n) =8 ) d. (1.1)
d|n,44d

From 1859 to 1866 Liouville made about 90 conjectures on N(a,b, c,d;n). During 2007-
2009 A. Alaca, S. Alaca, M.F. Lemire and K.S. Williams published a series of papers on
the evaluation of N(a,b,c,d;n). See their typical papers [2-6] and Cooper’s survey paper
[9].

The numbers z(z + 1)/2 (z € Z) are called triangular numbers. Let N = {0,1,2,...}.
For ay,as,...,a € ZT (k> 2) and n € N set

N(a17a2,-~-7ak;n):H(x17~--,$k)€Zk ‘ n :a19€%+a2$§+"'+akxi}7
t(al,ag,...,ak;n)

z1(x1 +1 To(xo + 1 rp(xr + 1
:H(:L‘l,...,xk)EZk‘n =ay it 12 ) as 2( 22 )—I—--'+akk(l;)}‘.



In 2005 Adiga, Cooper and Han [1] showed that for a; + -+ ap < 7,

2
t(ala'”vak‘;n): ; i\ . . .N(al)"'vak;8n+al+"'+al€)7 (12)
2+ (4) + (3)i2 +inis
where i; is the number of elements in {a1,...,a;} which are equal to j.

In [10] the author proved that for a,b,n € Z* with 21t a,

t(a,a,2a,4b;4n + 3a) = 4t(a, 2a,4a,b;n), t(a,a,6a,4b;4n + 3a) = 2t(a, a, 6a, b;n),
t(a,a,8a,2b;2n) = t(a,2a,2a,b;n), t(a,a,8a,2b;2n+ a) = 2t(a,4a,4a,b;n).

In [12] the author stated 13 transformation formulas for ¢(ay,...,ax;n). In particular,

t(a,a,2by,...,2b,;2n + a) = 2t(a,4a,by,...,by;n), (1.3)
t(a,3a,4by,...,4b,;4n + 3a) = 2t(3a,4a, by, ..., by;n),
t(a,3a,4by,...,4b,;4n + 6a) = 2t(a,12a,by, ..., b3 n),

where a, by, ...,b, € ZT with 21 a.
Section 2 is devoted to preliminary facts. In Section 3, using theta function identities
we establish seventeen transformation formulas for ¢(ay,...,ax;n), where aj,...,ax,n €

Z7T. See Theorems 3.1 and 3.2. In Section 4 we prove that for odd positive integers a and
b,

t(a,3a,3a,2b;n) = N(3a,3a,4a, 2b; 8n + Ta + 2b),
t(a,a,2a,b;n) = 2N (a,4a,8a,b;8n + 4a +b) for a=—-b (mod 4),
1
t(a,6a,6a,b;n) = gN(a, 3a,48a,4b;32n 4+ 52a + 4b) for a=b (mod 4).
In Section 5 we prove some special relations between t(a, b, ¢, d; n) and N(a, b, ¢, d; n) under

certain congruence conditions, and pose 7 challenging conjectures based on calculations
with Maple.

2. Preliminary facts

Since (727;)(71) = x(x;l) and 8 - @ = (2z + 1)2 — 1, it is easy to see that for

ai,...,ar € ZT and n € N,

(2.1)
t(al,a2,...,ak;n)
r1(z1 +1 zo(re +1 Tr(zp +1
:2k‘{(x1,...,mk)€Nk‘n:a1 1(12 )+a2 2(22 )+~--+akk(;)}‘
:H(xl,...,xk)EZk‘8n+a1+--~—|—ak:alx%+a2x%+~~+akxz,2J(x1--.xk}|

:2k|{(x1,...,xk) e N* | 8 +ay+ -+ a :alx%—l—agxg—l—-'-—}—akx%, 2{:1:1:1:;@}‘
Let ¢(q) and v (q) be Ramanujan’s theta functions defined by

plg)= > ¢ =1+2> ¢ and y(g) =Y ¢" "2 (g <1).
n=1

n=0

n=—oo



It is easy to see that for aq,..., ar € Z" and |q| < 1,

o0

S ta, - agin)g” = 259(g") - (g™), (2.2)
n=0
S Na,... amn)d” = p(g™) - p(q™). (2.3)

There are many identities involving ¢(q) and ¢(q). From [7, Lemma 4.1] or [8] we know
that for |g| < 1,

(q)® = el (), (2.4)
o(q) = o(q") + 2q0(¢®) = v(q'%) + 24" (¢°%) + 2q9(¢%), (2.5)
0(0)” = ¢(q*)* + 4q¥(q")? = @(¢*)* + 46*P(¢°)* + 4qv(¢*)?, (2.6)
b(@)P(q*) = (d®)0(q") + ap(@®)v(¢"). (2.7)

By (2.4)-(2.6) or [10, Lemma 2.4],

0(0)? = ¢(a®)” + 4¢" (") + 47 (¢®)* + 4q0(¢") Y (¢®) + 8° ¥ (®) (™). (2.8)
By (2.5) and (2.7),

e(@)e(d®) = (pla*) + 2qv(q®)) (p(a") + 2¢°¥(¢**))
= o(q")p(a"?) + 40 (®) () + 2a(0(¢"*) Y (@®) + o(a)(**)) (2.9)
= 0(q")p(q"?) + 44"V (®) () + 2q0(¢*) ().
8, p.315]
V(Q)v(q") = ¥(d®)e(a®®) + av (@) (d") + Co(a) v (™). (2.10)
Thus,

P(a®)Y(a™) = ¥(d*9)0(d™®) + (g (d®) + a2 (d®) Y (¢*?).
This together with (2.10) gives

V(@)v(a") =¥ (®)e(a®) + o) (a°®) + qv(a'®)e(¢™°)

B He) + el ). .
From [8, p.377] we know that for |¢| < 1,
D(a*)(@%) = o(d®)0(a%) + () (@™) + ¢ e(d) v (e™). (2.12)
By [13, (2.10)],
D(@)9(a) = D) (a") + ap(@®) (@) + ¢ (a'?)v(d"). (2.13)
Thus,

V(@)Y (d) = ¥(d)v(d®™) + o(d) Y (d") + ¢®e(d®) (™).



This together with (2.12) yields

P(@*)Y(a®) = (@) (d®) + ¢ o) (a"%) + ¥ (a2 (™)

(2.14)
+a°0(a" ") (a") + @’ o(d*)v(¢™).
By (2.12),
(@®)(q"%) = w(d) (") + (g (6™) + e (@®) ¥ ().
Combining this with (2.13) gives
D(@)¥(a"?) = (a)(@'®) + e (@) + ®b(a") v (™) (2.15)
+ap(@®)0(d*) + o (a"?)P(d").
3. Transformation formulas for t(ay,...,a;;n)
In this section we present new transformation formulas for ¢(ay, ..., ag;n), where ay, ..., ax,n €
AR
Theorem 3.1. Suppose a,bi,...,b, € Z* with 2t a. Forn € Z* we have
t(a,7a,2by,...,2b,;2n + a) = t(a,7a,by,..., b;n), (3.1)
t(a,7a,8b1,...,8b,;8n + 10a) = 2t(4a, 7a, by, ..., by;n), (3.2)
t(a,7a,8b1,...,8b;8n + 28a) = 2t(a,28a,by,...,b;n), (3.3)
t(a,7a,8a,4by,...,4b,;4n + 6a) = t(a,a, 14a,by, ..., by;n), (3.4)
t(a,7a,56a,4by,...,4b,;4n) = t(2a,7a,7a,by, ..., by;n). (3.5)

Proof. Using (2.2) and (2.10) we see that

S ta, 70,261, .., 2hys m)g" = 2SN - (g
n=0
= 2"2((d*)(q®) + ¢® (¢ ) (%) + ¢"V(g* )b (g ) (g*™) - - - ¥ (q*r)
and so
> t(a,7a,2b1, ..., 26,320+ a)g>" T = 272 (P )p(q M) (6P - (™).
n=0

This yields

> t(a,7a,2b1, .., 26,520 + a)g" = 272 P(q ) () (™) - - ().

n=0
Hence (3.1) is true. Applying (2.11) we see that

[e.9]

> tla,Ta,4b, .., 4bsn)g" = 27 (g (g (g - (g")

n=0
= 2"2((*)p(d**) + ¢**(q" ) (4°*) + ¢ (") p(q**)

+ @Y () + ¢ () (g ) (") - (g"r).

4



Thus,
a, 70’7 4b17 e 74b7"; 4n)q4n = 2r+2¢(q8a)(p(q28a)¢(q4b1> e w(q4bT)7

a,7a,4by, ..., 4by; dn + 6a)g™ 0" = 27T2¢500 (gAY (g7 )ep (g*1) - - - (™)

> H
n=0
> U
n=0
and so

[e.e]

> t(a,Ta,4by, ..., 4by; 4n)g" = 272 (g* )0 (g7 )b (™) - - (g™, (3.6)

n=0
oo

> tla,Ta,4by, ... 4bysAn 4 6a)g" = 27 20(q") (¢ (™) - (g”). (3T)

n=0
By (3.7) and (2.5),

[e.9]

> t(a,7a,8b1,. .., 8by;4n + 6a)g™ = 272 (0(q™) + 2¢°9(¢*)) Y (¢ )P (@) -+ (™).
n=0

Therefore

o0

> t(a,7a,8b1, ..., 86,3 4(2n + a) + 6a)g>" = 27 3¢ (¥ (g )p(¢*) - 0 (g7)

n=0

and so
> t(a,7a,8by, ..., 8b,;54(2n + a) + 6a)g" = 27 (g ) (a7 ) (¢") - b (g").
n=0

This yields (3.2). Similarly, from (3.6) and (2.5),

o0

> t(a,7a,8by, -+ ,8by;4n)q" = 272 (0(¢™) + 20" P(q7) (M) (¢ - - (g™,

n=0

Therefore,
i t(a,7a,8b1, ..., 8b;; 4(2n + 7a))g*" 7" = 23¢9 (6% (¢* )b (¢*) - (g™
n=0
and so
i t(a,7a,8b1,...,8by;4(2n + 7a))g" = 2" 4(q") ¥ (¢**)(¢™) - - - ¥(g™),
n=0

which gives (3.3). Recall that ¢(q)¥(¢?) = ¢(¢)?. From (3.6) and (3.7),

o
> t(a,7a,56a,4by, .. ., 4by;4n)q"

n=0



= 27539 (*) o (") (¢ ) (™) - (a) = 273 () (g7 )2 (g™ ) - - (g™),

o
Z t(a,7a,8a,4by,...,4b.;4n + 6a)q"

n=0
= 2" Y(@®) Y@ (@) -9 (d”) = 27?0 (g (™) - (e,
which yields (3.4) and (3.5). The proof is now complete.

Theorem 3.2. Suppose a,by,...,b, € Z* with 2t a. Forn € Z* we have

t(3a,5a,2by,...,2b,;2n + 3a
t(a,15a,2by,...,2b,;2n) =t
t(3a,b5a,4by, ..., 4b.;4n + 3a (
t(a,15a,4by,...,4b,;4n + 6a (
t(3a,ba,8by, .. .,8b,;8n + 18a) = 2t(4a, 15a,b1, ..., b;n), (
t(3a,5a,8b1,...,8b,;8n + 60a) = 2t(a,60a,by,...,b;n), (
t(3a,ba,8a,4by, ..., 4b,;4n + 14a) = t(a, a,30a,by, ..., by n), (3.14
( (
( (
( (
( (
( (

~—

= t(a,15a,by,...,by;n),
3a,5a,b1,...,br5n),

= t(3a,ba,by,...,by;n),
= t(a,15a,by,...,b;n),

~_— —

t(3a,ba,120a,4by, . .., 4b,;4n) = t(2a, 15a,15a, b1, ..., by;n),
t(a,15a,8b1,...,8b,;8n + 15a) = 2t(5a, 12a, by, ..., by;n),
t(a,15a,8b1,...,8b,;8n + 21a) = 2t(3a,20a, by, ...,br;n),
t(a,15a,24a,4by,...,4b,;4n + 3a) = t(3a, 3a, 10a, by, ..., b;n),
t(a,15a,40a,4by, ..., 4b,;4n + a) = t(5a, 5a,6a, b1, . .., by;n).

Proof. Using (2.12) and (2.13) we see that

oo

S t(3a,5a,2b1, .., 2byin)g" = (g (g™ (g™ - (a™)

n=0

= 2""2(p(¢™ ) (%) + a0 (d ) (a'*°) + ¢ P(a*) (@) (@) - (g*),

t(a, 15a,2b1, ..., 2b,;m)q" = 27 2 (q")P (g ) (g*) - - ¥ (q*r)
n=>0

= 272 ()h(¢*) (") + ¢%p(a®* )V (¢**) + ¢* (a2 (g™ )b (¢*) - - - p(g*r).

Hence

e}

Z t(3a,5a,2by,. .., 2b,; 2n + 3a)g> T3 = 27234 (PO (PO (¢ - - b (g,

n=0
oo

> t(a,15a,2by, ..., 2by; 20) g™ = 27 2(q5)b(q ) (¢*) - - p(g*).
n=0

It then follows that

[e.o]

S 430,50, 201, ..., 26,3 2n + 3a)q” = 27 20(¢)(d P (g) - - (a”),
n=0

S t(a,15a,2b1, ., 2605 20)q" = 22 (g7 )b (g™) -+ ("),

n=0



which implies (3.8) and (3.9). By (3.8) and (3.9),

t(3a,5a,4by, ..., 4b.;4n + 3a) = t(a, 15a,2b1, . .., 2b,; 2n) = t(3a,5a, by, ..., b;n),
t(a,15a,4by, ..., 4b,;4n + 6a) = t(3a, 5a, 2by, . . ., 2b,; 2n + 3a) = t(a, 15a,b1,...,by;n).

Thus, (3.10) and (3.11) hold. Appealing to (2.14),

[e.9]

> t(3a,5a,4by,. .., 4brn)g" = 2" PP(@* ) () (¢") - (™)

n=0

= 2" 2(p(¢™")(¢*) + ¢ (d* ) (a"**) + ¢ (") (¢*)
+ ¢ 0(q"") (") + ¢ () (¢*) W (¢*) - - (g""r).

Thus,

oo

> t(3a,5a,4by,. .., 4by; 4n)g"" = 272 0(¢) b (¢* )b (™) - - (™),

n=0
oo

Z t(3a, 5a,4b1, o u4br§ dn + 14a)q4n+l4a _ 2r+2q14a@(q4a)w(q120a)¢(q4b1) . .¢(q4br)7

n=0
which yields

oo

> t(3a,5a,4by, ..., by dn)g" = 27 20(q") (M) (™) -+ ("), (3.20)
n=0
> t(3a,5a,4by, ..., 4by; dn + 14a)q™ = 27 20(¢")(¢* ) (¢™) - (¢”). (3.21)
n=0

From (3.21), (3.20) and (2.5) we see that

3a,5a,8b1, ..., 8by;4n + 14a)g™ = 272 (p(g*) + 2¢°9%(¢*)) P (d** )Y (¢*) - - - v (g*™),

3a,5a,8b1,. .., 8by;4n)q" = 2"72(0(¢%) + 24" (¢"20*)) W (g**) P (¢*™) - - - ¥ (g*™).

>
n=0
>_H
n=0

Thus,

[e.9]

> t(3a,5a,8b1, ..., 8by; 4(2n + @) + 14a)g®t* = 273 Pp(q* )b (6™ ) (¢*) - - (™),

n=0
oo

> t(3a,5a,8by, ..., 8bp;4(2n + 15a))g* 10 = 273100 (¢"20) b (PN (¢P) - - -1 (¢*)
n=0
and so

[e.9]

> #(3a,5a,8b1, ..., 8b;4(2n + a) + 1a)g" = 272 P(q* ) (¢ (g™) - (™),

n=0



> #(3a,5a,8b1, ..., 8b,;4(2n + 15a))q" = 272 (g*)p(¢™" ) (g™) - - (™),
n=0

which yields (3.12) and (3.13). By (3.21) and (2.4),

o0
Z t(3a,5a,8a,4by, ..., 4b,;4n + 14a)q"

n=0

= 2730 (g )P (g* ) (™) - (g") = 273 (g) Y (@* ) (g™ ) - - (g™),
which implies (3.14). By (3.20) and (2.4),

o0
Z t(3a,5a,120a,4by, . .., 4b,;4n)q"

n=0

= 2"30(g"5 ) ()P ()b (g™) - (") = 273 (M) (g )P (g™) - - ("),
which yields (3.15). Using (2.15) we see that

[e.9]

> t(a,15a,4by, ..., b n)g" = 272 (g") (¢ ) (g") - (g")

n=0

= 2772 (p(¢"*") 0 (¢"%) + ¢*¥ () (a*) + ¢ (") (¢*)
+ ¢ (") (6*) + ¢**0(q*)b(q* ) (™) - - (™).

From this it follows that

o0

> ta,15a,4b,. .. 4by; dn + a)g " = 272 (PO (P () - (g™,

n=0
[e.e]
> t(a, 15a,4by, ..., by dn + 3a)g"" 3 = 27260 (g2 )b (¢ ) (¢") - - (™)
n=0

and so

[e.9]

> t(a,15a,4by,. .., 4bidn + a)g" = 27 2P () (g™) - (), (3.22)

n=0
oo

> t(a,15a,4b, ..., by dn + 3a)q" = 272 0(¢* ) (¢ ) (™) -+ (q”). (3.23)
n=0
Hence, applying (2.5) we get

oo

> t(a,15a,8b, ..., 8by;4n + a)g" = 272 (0(¢**) + 2679 (") ()b (q*) - - ¥ (g™),

n=0
oo

> t(a,15a,8by,. .., 8by;dn + 3a)g" = 272 (0(q"*) + 2¢°P(q***))P(q" ) (g*) - - b(q*)

n=0

and so

o0

S t(a. 15a,8b1, ... 8b,5 4(2n + 5a) + a)g® 5 = 27PN 0N (gt b (g - (),
n=0



S t(a, 150,801, ..., 8b,3 4(2n + 3a) + 3a)g”™ 5 = 2GR (g ) (@) - ().
n=0

It then follows that

> t(a,15a,8b1, ..., 8b,;4(2n + 5a) + a)g" = 273 (¢* ) (> (¢™) - - (g ),
n=0

> t(a,15a,8b1,. .. ,8br;4(2n + 3a) + 3a)q" = 2" (q"2*)1h(¢*)ep(q™) - - - b(q"),
n=0

which yields (3.16) and (3.17). Finally, (3.18) follows from (2.4) and (3.23), and (3.19)
follows from (2.4) and (3.22). The proof is now complete.

4. Formulas for t(a,a,2a,b;n),t(a,3a,3a,2b;n) and
t(a,6a, 6a, b;n)

In this section we establish general formulae for t(a, a, 2a,b;n),t(a, 3a, 3a,2b;n) and
t(a,6a,6a,b;n), where a,b,n € Z* with 21 ab.

Theorem 4.1. Let a,b € Z"T with ab= —1 (mod 4). Forn € Z*,

t(a,a,2a,b;n) = 2N (a,4a,8a,b; 8n + 4a + b).
Proof. It is clear that

> N(a,4a,8a,b;n)q" = o(q*)e(q")p (") (™)
n=0

= ((q"%) + 2"V (¢**) + 20"V (6*)) (0(¢"%) + 2¢"9(¢**") + 2¢"¥(¢*"))
x (10(q"%) + 2¢™9(¢**))(¢™*).

Thus,
[e.e]
Z N(a’7 4a, 8a, b; 8n +4a + b)q8n+4a+b
n=0
= 2¢"(a™) (0 (a"*) - 2¢"9(a™*) + 24" (¢%*) - 9(¢"°))(¢>)
and so

o0
Z N(a,4a,8a,b;8n + 4a + b)q"

n=0

= 8Y(q")p(*)(q*)p(q") = 81(d")(d**)*p(q") = 8¥(a*)*¥(q**)¥(q")
1 oo

=3 7;)t(a, a,2a,b;n)q".

This yields t(a, a,2a,b;n) = 2N (a,4a,8a,b; 8n + 4a + b).



Corollary 4.1. Suppose a,b,n € Z* and ab= —1 (mod 4). Then
3N (a,4a,8a,b;8n + 4a + b) = N(a,a,2a,b;8n + 4a + b) — N(a, a,2a,4b;8n + 4a + b).
Proof. From [11, Theorem 3.1] we know that
t(a,a,2a,b;n) = ;(N(a, a,2a,b;8n + 4a + b) — N(a, a,2a,4b; 8n + 4a + b)).

This together with Theorem 4.1 yields the result.

Corollary 4.2. Suppose that n € {0,1,2,...}. Then
1
N(1,3,4,8:8n +7) = ZN(1,1,2,3;8n + 7).

Proof. By Theorem 4.1, t(1,1,2,3;n) = 2N (1,4,8,3;8n + 7). By [1], t(1,1,2,3;n) =
%N(l, 1,2,3;8n 4 7). Thus the result follows.

Theorem 4.2. Let a,b € Z with 21 ab. For n € Z* we have

t(a, 3a,3a,2b;n) = N(3a, 3a,4a,2b;8n + Ta + 2b).
Proof. By (2.5) and (2.6),

oo
> N(3a,3a,4a,2b;n)q" = 0(¢*)*0(q") (™)
n=0

= (0(¢"")? + 4¢° Y (¢®**)* + 46" (¢"**)*) (¢ (™) + 2¢*¥ (¢"%)) 0 (¢*).

Thus,
o0
Z N (3a, 3a,4a,2b;4n + 3a + Qb)q4n+3a+2b
n=0
= 44”9 (¢ - 2¢°" (') - p(¢**) = 8¢ 0 (¢" )9 (¢ (¢")
and so

> N(3a,3a,4a,2b;4n + 3a + 20)¢" = 8¢(q")1(¢**)* b (¢") = 8p(a")p(a* ) (a* ) (q™).
n=0

Applying (2.9) we see that

o
Z N(3a, 3a,4a,2b; 4n + 3a + 2b)q"
n=0

= 8(2(¢")p(a"*) + 4¢* V(") (@®**) + 24" (®*)1b(¢°*)) ¥ (¢°) (¢™).

Hence

> N(3a,3a,4a,2b;4(2n + a) + 3a + 2b)g™" T = 16¢“P(¢**)v(¢**)*¢(¢")
n=0
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and so

Z N (3a, 3a,4a, 2b; 8n + Ta + 2b)¢" = 16¢)(¢*)(¢>*) % (¢®) = Z t(a,3a, 3a,2b;n)q",
n=0 n=0

which gives the result.
Corollary 4.3. Suppose n € Z*. Then
N(3,3,4,6;8n + 13) = 2N(1, 3,12, 24; 8n + 13) = %N(l,?), 3,6;8n + 13).
Proof. By Theorem 4.2, t(1,3,3,6;n) = N(3,3,4,6;8n + 13). By Theorem 4.1,
t(1,3,3,6;n) = 2N(1,3,12,24;8n+13). By [10, Theorem 2.10], ¢(1, 3, 3,6;n) = %N(l, 3,3,6;

8n + 13). Thus, the result follows.

Corollary 4.4. Suppose a,b,n € Z* and 21 ab. Then

N(3a,4a,12a,2b;8n + Ta + 2b) = %N(?)a, 3a,4a,2b;8n + Ta + 2b), (i)

N(a,3a,3a,8b;8n + Ta + 2b) (ii)
= N(a,3a,3a,2b;8n + 7a + 2b) — 2N (3a, 3a, 4a, 2b; 8n + Ta + 2b),

N(a,3a,12a,2b;8n + Ta + 2b) (iii)

3
= N(a, 3a, 3a,2b;8n + Ta + 2b) — §N(3a, 3a,4a, 2b; 8n + Ta + 2b).

Proof. By [11, Corollary 4.2], t(a, 3a, 3a, 2b;n) = 2N (4a, 12a, 3a, 2b; 8n+Ta+2b). This
together with Theorem 4.2 proves (i). By [11,Theorem 3.1] and Theorem 4.2,

N(a,3a,3a,2b;8n + Ta + 2b) — N(a, 3a, 3a, 8b; 8n + Ta + 2b)
= 2t(a, 3a, 3a, 2b;n) = 2N (3a, 3a, 4a, 2b; 8n + Ta + 2b).

This yields (ii). By [11, Theorem 4.5] and Theorem 4.2,

2
g(N(a, 3a, 3a,2b;8n + 7a + 2b) — N(a, 3a,12a,2b; 8n + Ta + 2b))
= t(a, 3a, 3a,2b;n) = N(3a, 3a,4a, 2b; 8n + Ta + 2b),

which yields part(iii). Hence the corollary is proved.
Theorem 4.3. Let a,b € Z* with ab=1 (mod 4). For n € Z* we have
1
t(a,6a,6a,b;n) = gN(a, 3a,48a, 4b; 32n + 52a + 4b).

Proof. By (2.9),

Y " N(a,3a,48a,4b;n)q" = ¢(q")p(a*)p(a**) o (g")

n=0

= (p(d")e(q"") + 49" P(d*) (') + 20" (2(4* N (@*) + a0 (q" )b (¢*)))

11



48a) 4b).

x o(q*°)p(q

Thus,

> " N(a,3a,48a,4b;4n)q™™ = (9(q*")e(q"**) + 46" (¢*) ¥ (¢***)p(¢**) o (™).

n=0

Appealing to (2.5), (2.7) and (2.9) we see that

> N(a,3a,48a,4b;4n)q" = (p(¢")o(q**) + 44 (¢*)(4°*)p(a"**)p(q")

n=0

— (gO(qA‘a)ap(qu“) + 4q4aw(q8a)w(q24a) + 6qa((p(ql2a)¢(q8a) + (]2(1(,0((]4a)¢(q24a)>)
x o(q"2) (2(q™) + 260 (¢™)).

Therefore,

> N(a,3a,48a,4b;4(4n + a + b))g"" T = 6¢°0(¢"**)p(q*) - 0(q™*) - 24" (¢*)

n=0
and so

D
> Nf(a,3a,48a,4b; 4(4n + a + b))q"
n=0

= 120(¢*") ¥ (*) ¥ (*) = 12(2(¢"*)* + 4¢°*p(q"**)?) ¥ (¢*) ¥ (¢*).
It then follows that
> " N(a,3a,48a,4b; 4(4(2n + 3a) + a + b))q*" 3 = 48¢>*)(¢"**)*¢(¢** )b (¢™)
n=0
and therefore

i N (a, 3a,48a, 4b; 4(4(2n+3a)+a+b))q" = 48 (q")(¢**)*(¢®) = 3 i t(a,6a,6a,b;n)q".

This yields the result.

5. Some special relations between t(a, b, c,d;n) and
N(a,b,c,d;n)

In this section we present many special relations between t(a, b, ¢, d;n) and N (a,b,c,d;n),
which were first discovered by calculations with Maple.
Theorem 5.1. For n € Z™ we have

t(2,3,3,4;n) =2N(2,3,3,4;2n+ 3) for n=2,3 (mod4),
#(2,3,3,12:n) = 2N (2,3,3,12:2n + 5) for n=0,1 (mod 4),
t(2,3,3,24;n) =4N(2,3,3,24;2n +8) for n=2 (mod 4),

12



£(2,3,3,36;n) = 2N (2,3,3,36;2n + 11) for n=2,3 (mod 4),

t(1,1,6,12;n) = 2N(1,1,6,12;2n+5) for n=0,3 (mod 4),
N(1,1,3,8,n+3) i+ n=2 (mod?8),

t(1,1,6,16;n) = { ( ) f ( )
4N(1,1,3,8;n+3) if n=4 (mod 8).

Proof. By Theorem 4.2 and [12, (3.7)],
1
N(2,3,3,4;8n +9) = #(1,2,3,3n) = 5#(2,3,3,4:4n + 3).

By (2.5) and (2.8),

> ON(2,3,3,41n)q" = o(q*)p(a)p(d®)
n=0

= (2(q®) +2¢°9(q"%)) (0(¢"%) + 24" ¥ (¢™))
< (0(¢*)? + 40" (¢")? + 4650 (¢®)? + 4¢°0(¢") v (¢**) + 8¢ ¥ (a®M) 1 (¢)).

Thus
i N(2,3,3,4;8n + 7)¢*" 7
n=0
= 0(¢*)e(q"%) - 8¢V (*) v (q”%) + 0(¢®) - 24* (%) - 4¢P (g™ (¢**)
= 84" 0(a®) v (¢*") (p(a*®)(¢*) + ®o(a'®) ¥ (¢*))
= 8¢"o(q®*) v (*) Y (¢®) v (¢*)
and so -
D N(2,3,3,4;80 + 7)¢" = 8p(q)v(q)v(¢*)*. (5.1)
n=0

On the other hand, using (2.4), (2.5) and (2.7) we see that for b € ZT,

Zt(2,3,3,4b;n)q”
=0 (5.2)
= 16¢(¢*)1h(¢*)*(¢") = 1690(¢*) ¥ (¢*) ¥ (¢°)(¢"™)
= 16((q") + 2¢°9(¢*")) (0 (") (6®) + (g (d*) b (q™).
Thus -
> 1(2,3,3,4b;4n + 2)¢"" " = 16070 (q")0(q"*) 1 (¢* ¥ (¢")
n=0
and so

> 1(2,3,3,4b;4n + 2)¢" = 160(q)p(¢*)(a°)¥(a") = 160(a) () ¥ (")
n=0

This together with (5.1) yields (2,3,3,4;4n + 2) = 2N(2,3,3,4;8n + 7). Therefore
t(2,3,3,4;n) = 2N (2,3,3,4;2n + 3) for n = 2,3 (mod 4). The remaining results can be
proved similarly.
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Lemma 5.1. Suppose a,b € Z* and ab= —1 (mod 4). Then

> N(a,a,a,2b;8n + 5a)q" = 24(q") v (") (¢**)?,

n=0

Y N(a,a,a,2b;8n + a+2b)¢" = 120(¢")*(¢" )¢ (¢™).

n=0

Proof. By (2.5),

(o)
Z N(a,a,a,2b;n)q"

n=0

= (") 0(a®) = (¢(a"%) + 24" (¢***) + 2¢°¢(¢**))* (p(¢*) + 2¢°° ("))

= ((e(q"%) + 2" (¢%**))® + 64" (2(¢"%*) + 2¢" " (¢***))* ¥ (¢**) + 12¢°* (0(¢"*)
+ 20" (¢ P(a™) + 86*%(¢°)?) (9(a™) + 24P (¢')).

Thus,

o0
Z N(a, a,a,2b;8n + 5a)g®" >

n=0

= 64" - 4¢"0(q" )Y (¢**" )Y (*)p(¢*) = 24¢°*(¢"%)* ¥ (q**)p(q™),

o0
Z N(a,a,a,2b;8n 4 a + 2b)g®nTat?0
n=0

= 64" (0(¢"%")% + 4™ 9 (¢°*))0 (¢*) - 2¢°0(¢"*) = 124" 0(¢*) (¢ V(')

and so the result follows.

Theorem 5.2. Forn € Z* with n = 3,5 (mod 8),
H1,1,2,12:n) = AN(1,1,4, 60 + 2) = %N(l, 1,1,6:n+2),
£3,3,4,6:m) = gN(Q, 3,33 +2).

Proof. By (1.3) and [10, Theorem 2.11],

£(1,1,2,12;8n + 3) = 2t(1,1,4,6;4n + 1) = 4N (1,1, 4, 6; 8n + 5),
£(1,1,2,12;8n + 5) = 2t(1,1,4,6;4n + 2) = 4N(1,1,4,6; 8n + 7).

From [10, p.283] and Lemma 5.1 (with @ = 1 and b = 3) we know that

o0 4 o0

D114, 640+ 1)g" = 320(¢" ) ()b (¢ = 3 Y N(1,1,1,6:8n +5)¢",
n=0 n=0

o 4 oo

D t(1,1,4,6;4n + 2)g" = 169(9)*w(9)¥(¢°) = 5 D N(L1,1,6:8n+7)g",
n=0 n=0
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which yields

4 4
t(1,1,4,6;4n 4+ 1) = §N(1’ 1,1,6;8n+5), t(1,1,4,6;4n + 2) = gN(l, 1,1,6;8n+ 7).

Hence the formula for ¢(1,1,2,12;n) is true. From (5.2) we see that

oo

D H(2,3,3,1254n)¢"" = 160(¢"*)*¢(q* ) (¢"),

n=0

3 4(2,3,3,12;4n + 5)¢"" = 32¢° (¢ )b ()0 (q"2).
n=0

Thus, appealing to Lemma 5.1 (with a = 3 and b = 1) we get

o0 4 o0

> 1(2,3,3,124n)¢" = 160(¢°)*0(¢*)v(q’) = 3 D N(2,3,3,3;8n+5)¢",

n=0 n=0

[o¢] 4 [o¢]

> 1(2,3,3,124n +5)¢" = 320(0)v(¢")¥(¢")* = 5 3 N(2,3,3,3;8n + 15)q".
n=0 n=0

This together with (1.3) gives

oo

£(3,3,4,6;8n + 3) = 2¢(2,3,3,12;4n) = —N(2,3,3,3;8n + 5),

w

8
£(3,3,4,6:8n +5) = 20(2,3,3,12;dn + 1) = UN(2,3.3.3:80.+7),

which completes the proof.
Corollary 5.1. Forn € Z* with n = 5,7 (mod 8),

N(1,1,1,6;4n) = 5N(1,1,1,6;n) and N(2,3,3,3;4n) = 5N(2,3,3,3:n).
Proof. From Theorem 5.2 and [10, Theorem 2.1],

2
gN(l, 1,1,6;n) =t(1,1,2,12;n — 2) = §(N(1’ 1,1,6;4n) — N(1,1,1,6;n)),

2
gN(2,3,3,3;n) =1(3,3,4,6;n —2) = g(N(2,3,3,3;4n) —N(2,3,3,3;n)).
This yields the result.

Using similar method one can prove the following results:

t(3,3,4,18;n) = 2N (3,3,4,18;2n+7) for n=0,1 (mod 4),
t(1,3,8,12;n) = 4N(1,3,8,12;n+3) for n=2,4 (mod 8),
t(1,1,2,28;n) =4N(1,1,2,28;n+4) for n=1,3 (mod8),
t(1,3,4,24;n) = 4N(1,3,4,24;n+4) for n=1,3 (mod8),
t(2,3,3,48;n) = N(2,3,3,48;2n+ 14) for n=0 (mod 8),
t(1,1,8,14;n) =8N(1,1,8,14;n+3) for n=1 (mod 8),
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t(1,1,10,20;n) = 4N(1,1,10,20;n+4) for n=1 (mod 8),
t(1,1,14,16;n) =4N(1,1,14,16;n +4) for n=1 (mod 8),
t(1,2,7,14;n) =8N(1,2,7,14;n 4+ 3) for n=1
£(1,1,8,30;n) = 4N(1,1,8,30;2n +10) for n=1 (mod 8),

4
t(1,3,4,16;n) = 3N(1,3,4,16;2n—|—6) for m=1 (mod 8),

£(3,3,10,48;n) = 4N (3,3,10,48; 2n + 16) for

t(1,1,8,14;n) =4N(1,1,8,14;2n+6) for n=3 (mod 8),
£(2,15, 15, 24; n) = 4N (2,15, 15, 24; 2n + 14)
£(5,5,6,8;n) = 4N (5,5,6,8:2n +6) for n =3

4
1(1,3,12,48;n) = SN(1,3,12,48;2n + 16) for

t

£(4,7,7,14;n) = AN (4

,4,5,5;n) =4N(2,4,5,5;n+2) for n=5
,7,7,14;n+4) for n=5

t(1,1,30,40;n) = 4N (1,1, 30,40;2n + 18) for

4
£(1,3,16,36:1) = 5 N(1,3,16,36;2n + 14) for

t(2,3,3,32;n) =4N(2,3,3,32;2n + 10) for n=5 (mod 8),
t(2,7,7,24;n) = 4N(2,7,7,24;2n +10) for n=5 (mod 8),

£(3,3,10,24;n) = 4N (3,3,10,24;2n + 10) for

t(1,7,16,16;n) = 4N(1,7,16,16;n+5) for n=6
£(2,3,3,48;n) = AN(2,3,3,48:2n + 14) for n=6
t(1,1,10,20;n) =4N(1,1,10,20;n +4) for n=7 (mod 8),
,4,5,5;n) =4N(2,4,5,5;n+2) for n=7

t

£(4,7,7,14;n) = 4N (4,

7,7,14,n+4) for n=7

£(1,1,14,16;n) = 4N(1,1,14,16;2n +8) for

£(5,5,6,40;n) = 4N (5,5,6,40;2n 4+ 14) for n=7 (mod 8).

(
(
(
(
(
(
(
(2,
(
(1,
(2
(4,
#(1,1,16,30;n) = 4N(1,1,16,30;2n + 12) for
(
1,
(
(
(
(
(
(
(2
(4,
(
(

for

(5.9)

(5.10)

(mod 8), (5.11)
(5.12)

(5.13)

n=1 (mod 8), (5.14)
(5.15)

n=3 (mod 8), (5.16)
(mod 8), (5.17)
n=4 (mod ), (5.18)
(mod 8), (5.19)
(mod 8), (5.20)
n=5 (mod 8), (5.21)
n=5 (mod 8), (5.22)
n=5 (mod ), (5.23)
(5.24)

(5.25)

n=>5 (mod 8), (5.26)
(mod 8), (5.27)
(mod 8), (5.28)
(5.29)

(mod 8), (5.30)
(mod 8), (5.31)
=7 (mod 8), (5.32)
(5.33)

By doing calculations with Maple, we pose the following conjectures.
Conjecture 5.1. Let n € Z". Then

t(1,2,3,10;n)

8
S V(1,2,3,10:20 + 4)

16
5 N(1.2,3,10:20 + 4)

(4N(1,2,3,10;2n + 4)

4
SV(1,2,3,10:20 4 4) =

4
5 V(1,2.3,10:8n + 16)

16

ifd|n—1,
if 8] m,

ifn=10 (mod 16),
ifn=11,15 (mod 20).



Conjecture 5.2. Let n € Z*. Then

4 4
SV(1,2,3,18:2n +6) = N(1,2,3,18:8n+24) if4|n,
8 .

t(1,2,3, 18,TL) — gN(l,Q,?), 1872n+6) Zf8 | n_3;
AN(1,2,3,18;2n + 6) if 12 | n — 6,
8
=NV(1,2,3,18:2n +6) if 24 | n — 15,

Conjecture 5.3. Let n € Z*. Then

t(1,3,6,30;n)
4 4
SV(1,3,6,30:2n +10) = SN(1,3,6,30:8n +40)  if 4| m,
8 8
= SN(1.3,6,30;2n +10) = =N (1,3,6,30:8n+40)  if8[n—1,
16 16

5 N(1,3,6,30:2n + 10) = 22N (1,3,6,30;80 +40) i 16| n+1.
Conjecture 5.4. Let n € Z*. Then

#(1,3,18,18;n)
4 4
SV(1,3,18,18:20 +10) = S N(1,3,18,18:80.+40)  if4|n—2,

8 8
SV(1,3,18,18:20 +10) = =N(1,3,18,18:8n.+40)  if 8 |n—1,

16 16
={ 5 V(1,3,18,18;2n +10) = 2N (1,3,18,18:8n + 40) if 16 |n—7,

4
AN(1,3,18,18: 20+ 10) = - N(1,3,18,18:8n +40)  if12|n—4,

8 8
SNV(1,3,18,18: 20+ 10) = - N(1,3,18,18;8n +40)  if 24| n 13,

Conjecture 5.5. Let n € Z*. Then

4 4
SN(2.3,9,182n +8) = SN(2,3,9,18:8n+32) if4|n—3,

8

SN (2,3,9,18:2n+8) if8|n—2,
16

2N (2,3,9,18:2n + 8 16 | n—8,

£(2,3,9,18;n) = { 9 2 n+8) f16]n

32

TN(2,3,9,18:2n +8) if 32 | n — 20,
8

=N (2,3,9,18:2n +8) if 24 | n — 14,
AN(2,3,9,18;2n + 8) if12 | n — 5.

Conjecture 5.6. Let n € Z*. Then

¢(2,5,10,15;n)
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4 4
SN(2,5,10,15: 20+ 8) = (N(2,5,10,15:8n +32) if 4|n -3,
8
_ ) 5N(2.5.10,15:20.+8) if8|n—86,
1
§6N(2, 5,10, 15;2n + 8) if 16 | n— 8,
AN (2,5,10,15;2n + 8) ifn=61,81 (mod 100).

Conjecture 5.7. Let n € Z*. Then
4
SV(5,6,15.30:2n +14)  if4|n -2,
t(5,6,15,30;n) = %N(5, 6,15,30;2n +14) if 8 |n—7,

16
5 V(5.6,15,30:2n 4 14) if 16 | n — 13.
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