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SUPERCONGRUENCES INVOLVING EULER POLYNOMIALS

ZHI-HONG SUN
(Communicated by Matthew A. Papanikolas)

ABSTRACT. Let p > 3 be a prime, and let a be a rational p-adic integer. Let {E,(x)} denote

the Euler polynomials given by eszl =Y, En(2)%. In this paper we show that

3 (Z) <_1k_ a) = (=D + (a— (a))(p + a — (a)y) Ey-3(—a) (mod p°),

(1) -2 = (-0 = @)Epal-a) (mod ) for a#0 (mod p)

where (a), € {0,1,...,p — 1} satisfying a = (a), (mod p). Taking a = —3,—%,—3% in the

first congruence we solve some conjectures of Z.W. Sun. We also establish a congruence for
—1 a\ (—1—a
> o k(3) (T ) modulo p*.

1. Introduction
Let p > 3 be a prime. In 2003, based on his work concerning hypergeometric functions and

Calabi-Yau manifolds, Rodriguez-Villegas [RV] posed 22 conjectures on supercongruences. The
following congruences are 8 conjectures of Rodriguez-Villegas:

(1.1) S (zkk) = (%) (mod p?), pil <2’“]€2)7<:’“k> = <_—3> (mod p?),

k=0 k=0 P

—1 2k (4k —1 (3ky (6k
(1.2) ZZ; (k6)4(k2k) = (%) (mod p?), Z_O (Z;gi’“) = (%) (mod p?),
(1.3) pii (2:)3 =0 (modp?) for p=3 (mod 4)

— 64~ ’
(1.4) 5 w =0 (modp*) for p=5 (mod 6)

2" 108" ’
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S N

(1.5) Se Gk =0 (modp*) for p=57 (mod3),
k
p

= o

2ky (3K (6k
(1.6) %EO (mod p?) for p=3 (mod 4),

=

a

where (2) is the Legendre symbol. Here (1.1) and (1.2) were later confirmed by Mortenson
[M1-M2], (1.3) was first conjectured by Beukers [Be] in 1987 and proved by van Hamme [vH].
(1.4)-(1.6) were finally proved by Z. W. Sun [Su2]. (1.1)-(1.6) are concerned with Legendre
polynomials and elliptic curves over finite fields. See [S5, S8-S10]. For the progress on other
conjectures of Rodriguez-Villegas see [Mc].

The Bernoulli numbers {B,,} and Bernoulli polynomials {B,(x)} are defined by

n

=1, Y :( )Bk—O (n>2) and By(z)=Y (Z)ka"—’f (n > 0).

k=0

The Euler numbers { £, } and Euler polynomials { £, (z)} are defined by

n/2] n
n 1 n
Ey=1 E, = — E, _ > 1) and E = — 2r — 1) FE
o=1, by g_l (Qk:) n—ok (n>1) and E,(z) 5 ,?_0 (k:)( r—1) s

where [a] is the greatest integer not exceeding a. It is well known that By, = 0 and Fa, 1 =0

for any positive integer n. {B,} and {F,} are important sequences and they have many

interesting properties and applications. See [EMOT], [MOS], [S], A000111] and [S1-S4]. By

[Sl], |Esy,| is the number of permutations ajas - - ag, on 1,2, ..., 2n such that a; > ay < az >
- < Qgp—1 > Qgy,. Euler showed that (see [MOS])

>y
— 2m+ 2n+1_ 2-(2n)! \2

mO

and

for any positive integers m and n,

z_:(_l)rrn — En(()) — (gl)mEn(m

and Ernvall [E] proved that

Eqp-1)/2 = 2h(—4p) (mod p) for any prime p=1 (mod 4),

where h(d) is the class number of the form class group consisting of classes of primitive, integral
binary quadratic forms of discriminant d.

Let p > 3 be a prime. In [Sul], using a complicated method the author’s brother Z.W. Sun
proved that

(1.7) 5 (275)2 = <_?1) —p’Ey3  (mod p°)



and conjectured that (see [Sul, Conjecture 5.12])

(1.8) (?Zg))g:) = (%) — %szp_;; (mod p?),
p—1 2k ;Lk; _9 3 , 1 ,
19) > ) = ()~ malf) o)
«— (D) ’

(1.10)

As pointed out in [S11], we have

o E -0

(_ki) (_ki) N 64(":212)’ Cfé) <—k§) - (Sﬂgﬁ)'

Let Z be the set of integers. For a prime p let Z, denote the set of rational p — adic integers.
For a p — adic integer a let (a), € {0,1,...,p — 1} be given by a = (a), (mod p). Let p be a
prime greater than 3 and a € Z,,. In [S11] the author showed that

(1.12) :: (“) ( L= “) = (=)@ (mod p).

Taking a = —3, —3, —3, —¢ in (1.12) and then applying (1.11) we get (1.1)-(1.2) immediately.

In [S11], the author showed that

(1.13) pi (“) ( L= “) (?)4—1 0 (modp?) for (a),=1 (mod 2).

=0

Taking a = —3, —3, —%, —=in (1.13) and then applying (1.11) we deduce (1.3)-(1.6).

1
2

Let p > 3 be a prime and a € Z,. In this paper we improve (1.12) by showing that
1

p—
a l1—-a
(114) () (71 ) =0 = @)+ a- @) Eyal-a) (mod 1)
k=0
Taking a = —%,—Z—i,—% in (1.14) we deduce Z.W. Sun’s conjectures (1.8)-(1.10). We also
determine >~ k (“)(7'7*) modulo p* and prove that for a # 0 (mod p),

(~1) — (a —(a),) Ey-a(—a) (mod p?).

(1.15) :2_; <Z) (-

Throughout this paper Hm:1+%+---—|—% form=1,2,3,....



2. Congruences for 7"/ (YY) (mod p?)

Lemma 2.1. Let p > 3 be a prime and t € Z,. Then

()=

Proof. For k € {1,2,...,p— 1} we see that
<pt) (—1 —pt> _ptpt—1)---(pt =k +1)(=1 —pt)(=2 —pt)--- (=k — pt)

p

k=

k k k!?

_ (—1)kpt(pt + k) (p2t2 . 12) o (p2t2 — (k- 1)2)

k2
_ _ptpt+k)  pt? pt
From [L] or [S2] we know that
p—1 1 p—1 1
(2.1) == 0 (modp) and 7= 0 (mod p?)
k=1 k=1
Thus,

k=0
This proves the lemma.
Lemma 2.2. Let p be an odd prime, a € Z,, a # 0 (mod p) and k € {1,2,...,p — 2}.

Then
<a>p

= (2" = 1)Byy,
Z rk - p—k +

r=1

(=) **E, 1 _k(—a) (mod p).

N | —

Proof. For positive integers m and n it is well known ([MOS]) that 3" '(—1)"r" =
En(0)=(=1)™En(m) Thus,

.- S 2 (yrgriok _ Foal0) O bl + )
r=1 r=0
From [MOS] and [S6, (2.2)-(2.3)] we know that
(2.2) E,(0) = 21 ‘3:11)3"“ and  E,(1— ) = (—1)"En(2).
Hence, “
» (—Ti)r _ _(2pkp__12:Bp—k n %(_1)<a>p+kEp_l_k<_<a>p) (mod p).



Set a = (a), + pt. It is well known ([MOS]) that E,(z +y) = > v, ()2 E,—s(y). Thus,

' (p—1—k
Ep1-ik(—(a)p) = Ep-1-k(pt — a) = Z( Ep 1-k-s(—a)

= By 1 i(~a) (mod p).

We are done.
Lemma 2.3 ([S11, Lemma 4.2]). Let p be an odd prime, m € {1,2,...,p — 1} and
t € Zy. Then

Theorem 2.1. Let p > 3 be a prime and a € Z,. Then

> : ( > ( " a) = (—1)' + (a — {a),)(p + a — (a),) Ep_s(—a) (mod p).

k=
Moreover, for a 20 (mod p) we have

1

P- 0 (a) ( 1— a) = (=) + (a = (a),)(p + a — (a)y) (% - Ep_g(a)> (mod p®).

k=

Proof. For given positive integer n set S,(r) = ZZ:O (O (™). Sinee (5)(77) +
(wzl) (721;36) = 2((@ (72,;”) — (kfl) ( ) )) for k =1,2,..., we see that

Su(x) + Sula+1) =24 22 () -GG
Q) ()C)

When a = pt = 0 (mod p), from the proof of Lemma 2.2 we have E,_3(—pt) = E,_3(0) =
2(1—=2"%)B, »/(p—2) =0 (mod p). Thus, the result follows from Lemma 2.1. Now suppose
that @ # 0 (mod p) and a = (a), +pt. Then t € Z, and a — k = (a), — k + pt. From the above
identity we see that

Su(a) = (=1)1S,(pt)
)

pl (a)p—1

Su(a—k—1)+ Sy(a =23 (- “’“(a_f;_l)(a_?rn).

k=0

a

k=

[en]

Hence applying Lemma 2.3 we deduce that
Sp—l(a - (_1)(a>p p_1(pt)
(a)p—1
_ o Sy (@ — kA pE= 1Y (a)y =Rt p(t 1) — 1

k=0
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(a)p—1 th

_ k pt p p?t
=2 — (=1) (<a>p <<a> — k)2 + <a>p_kH<a>p—k>
pit+1)  pt+1)?*  p(t+1)

(<>—k ((a), — P+(@p—kH@fo

(a)p—1
_ P+ P+ DRi+1) PP+ D) Hi,
=23 O, S @ T2 k)
=9 <a>p(_1><a>,,r<p2t(i; ) pltit+ 2(% +1) N 2p3t(t:—21)HT) (mod p").

As Byyy1 = 0 for m > 1, we see that B,_ = 0. Thus, by Lemma 2.2 we have foﬁf (_T?T
1(=1)»E,_3(—a) (mod p). Now, from the above and Lemma 2.1 we deduce that

(a)p r
Sp-1(a) = (1) 8,1 (pt) + (—=1)r2p’e(t + 1) ) | (=1)

(~1)@ 4 P4t + 1) Eyy(~a) (mod p?).

It is well known that ([MOS]) E,(1 —z) = (=1)"E,(z) and E,(x) + E,(z + 1) = 22™. Thus,

E,_3(—a) = E,_3(1+a) = 20" *—E,_3(a) = 2 —E,_3(a) (mod p). Recall that t = (a—(a),)/p.
By the above, the theorem is proved.

Taking a = —% in Theorem 2.1 and then applying (1.11) and the fact F, = Q"En(%) we
obtain (1.7).
For m = 3,4,6 it is clear that

I p-1 P

(2.3) ! ( 1>— me o m e
— P _%_(m—Tln)p—lz_(mT—nl)p ifp=—1 (mod m)

and so

(2.4) (_%_ _% >< _%_<_%>p>:_%.(m;l)p:_mmzlpz

Corollary 2.1. Let p > 3 be a prime. Then

p—1 (6k\ (3k
(Sk)(k) _ <_71> _ %szp:s (mod p?).
k=0

Proof. Taking a = —¢ in Theorem 2.1 and then applying (1.11) and (2.4) we see that
6kY (3k
() (&)

432k
0

[y

bS]

>
Il



f( é>< %>E(—1)<é>f’+< —<—‘>)<p_%_<_%>p>Ep3<%)

(5) - 3Bal) o)

By [$6, Theorem 2.1 and Lemma 2.1], we have 62" Ey, (1) = ¥ E,,. Thus, B, 3(1) = &i5 -
:3177—;“]_*7},,3 = 20E,_5 (mod p). Hence the result follows.

In [S7] the author introduced the sequence {U,} given by

)k—l

Clearly Us,—1 = 0. For any prime p > 3, in [S7] the author proved that 2[2” /9l — =
3(2)Uys (mod 7).
Corollary 2.2. Let p > 3 be a prime. Then

p—l

Z 27k = < p3) —2p°U,_3 (mod p*).

k=0

Proof. Taking a = —5 in Theorem 2.1 and then applying (1.11) and (2.4) we sce that

%) = (-1 (- % -(- é ) (- % N é>”>Ep_3<é>
)2l

By [S7, Theorem 2.1], Us, = 3" Eo,(3). Thus, U,_3 = 3?"*E,_3(3) = $E,-3(3) (mod p). Now
putting all the above together we obtain the result.

Remark 2.1. Let p > 3 be a prime. By [S7, p.217], B, »(5) = 6U,_3 (mod p). Thus,
from Corollary 2.2 we deduce (1.10). In [MT], Mattarei and Tauraso proved that S"?_¢ (2:) =

2

(’73) — BB, 5(%) (mod p?®). This together with Corollary 2.2 yields

3 3
p—1 p—1 _3
( ) = (—) —2p°U, 3 (mod p?).
k=0 k=0 p

In [S3] the author introduced the sequence {S,} given by Sy =1 and S, = 1-3"77; (£)22"2718, (n
1), and showed that S, = 4"E,(3).



Corollary 2.3. Let p > 3 be a prime. Then

—2 2 3
k= <?> —3p°Sy—3  (mod p°).

k=0
Proof. Taking a = —= in Theorem 2.1 and then applying (1.11) and (2.4) we see that
—1 (2k\ (4k
s~ () ()
64~
k=0
p—1

0 [ B e G R e A ST AL C)
= %)—%Ep;g(i) (mod p?).

Since S,_3 = 4#°73E, 3(7) = 15 E,-3(7) (mod p), we obtain the result.
Lemma 2.4. For any nonnegative integer n we have

;(k —ala+1)) (Z) (_1k:_ a) — _ala+1) (a; 1) (—2n— a).

Proof. Observe that
~aesof () () - () O )
_ (n . 1) <_nl+_1“> (a=n—1)(=2—a—n)— (n+1)3)
= (n+1-ala+1)) <n i 1) <_nl+_1a>.

The result can be easily proved by induction on n.
Theorem 2.2. Let p > 3 be a prime and a € Z, with a # 0,—1 (mod p). Then

Sék<)( 1_a)E<‘”@”W“+U+p%@+1xwa+nE¢x—w—») (mod p*),

where t = (a — (a),)/p-

Proof. By Lemma 2.3, we have (Zj) = (<“>P+pt_1) = 2 (mod p?) and

(—2—a> _ (p—1—<a>p—p(t+1)—1) p(=t—1) _ p(t+1)

o1 = i—(w, " (@1 edr)

a—1\(=2=a\ _ tt+1) o _Ht+1) o g
Qﬁﬁ)(p—l)‘wwAmn+1W'—Ma+np (mod p7).



Hence, using Lemma 2.4 we see that

(2.5) :k<)( 1_a>_aa+1:(a>< 1_a>

— _a(a+1) (a B 1) (_2 - a) = pt(t+1) (mod p?).

p—1/)\p—1

This together with Theorem 2.1 yields the result.
Theorem 2.3. Let p > 3 be a prime. Then

p—1 k: 3k) 5 (_1>

5
+—p (9 +25E,3) (mod ps),

M

432"3 36 324
k=0
p—1 3k
=—Z(—) 4+ Zp*(1 4+ 20, d p?
% 27k 9<p)+9p(+Up3) (mop),
p—1 2k\ (4k
k() Gr) 3 /-2y, 3
— BRI ER = [ — 1 d p%).
2 6dk 16( >+16 “(1+38,a)  (mod p?)

Proof. Taking a = —%, —%, —1 in (2.5) and then applying (1.11) and Corollaries 2.1-2.3 we

deduce the result.
Remark 2.2. For any prime p > 3, in [Su3, Corollary 1.2 (with = 1)] Z.W. Sun obtained

2k 4k 3k
congruences for 3 0_¢ b)) , S k( 6)<2’“) and >~ e () modulo p?.

27k 4k 432k

p—1 (a k 2
3. A congruence for Y 7_ (})(=2)F (mod p?)
For given positive integer n and variables a and x define
Snla,z) = z”: (a)xk
n\%, ]{? :
k=0
As (Z) = (“;1) + (Zj) for kK > 1, we see that

n

@:Hg(a;l)mz@j)xk

= Syla—1,2) + x(Sn(akill,x) - <a - 1)9;“)
Thus,
(3.1) Su(a,x) — (14 2)Sy(a—1,2) = — (“ - 1)1’"“.



Therefore,

Sp(a,z) — (1+ x)<“>1’5’n(a —(a),, )

(a)p (a)p
Z(1+x)k YSpla—k+1,2) — (14 2)S,(a — k, 2) (1+ )k 1(@ o k):v"“.
k=1 k=1

Note that (“;k) = (—1)”(":_“;:”_1). We then obtain

(a)p
(3.2) SA&@—%I+@“M%@—4@WM=4—m”“§2u+xﬁ*(n_a+k_l)

n
k=1

Let p be an odd prime, a € Z, and a = (a), + pt. Thent € Z,. For 1 <k < (a), <n<p-—1
we see that

n—a+k-—1
n

(n—(a)p+k—1—pt)--- (1 =pt)(=pt)(=1 = pt) --- (=({a)p — k) = pt)

n!
_ — 1\ (= —1){a)p—k — ! _1){a)p—k
P ) 1 R IS Y
n: n((@,,fk)
Thus,
(=)t G (~Del
Su(a, ) — (14 2) %S, (pt,z) = —pt (1+2)" 'ty
k=1 ((a p—k)
(a)p—1
—r n+1 —1)
= pt( ) (1 + z)l@w—t=r n—l)) (mod p?)
r=0 r
Since
t (pt —
S(pt:v)—1+zp (];{: ) (mod p*)

fora,x € Z,, 1 < (a>p§n§p—1 and z # —1 (modp) we have

Sula,z) = (1+2)@% — (a — (a),)(1 + x)<a>,,<z %
(3.3) i 3
k=0 —-1- x)k—s—l) (mod p?).

Suppose that p is an odd prime, a € Z, and a = (a), + pt # 0 (mod p). Takingn =p —1
in (3.1) and then applying Lemma 2.3 we see that

Sp—1(a,z) — (x +1)Sp—1(a — 1, )

10



2t2

S G T

For 1 <k < (a), we have (e —k+1), = (a),—k+1landsoa—k+1= (a—k+1),+pt. Thus,

Sp-1(a,2) = (x + )78, 1(a — (a)p, )

= @+ D) (Spa(a—k+1,2) = (z+1)Sym1(a — k,x))

k=1
(a)p 0o ,
=2 (1) 13:,,( - Hy )
k:1( ) (a), —k+1 ((a),—k+1)? (a),—k+1 (a)p—k+1
(a)p 249 9
t t t
=P (x+1)<“>1’*’"(_1i+p_2_p_HT)
r=1 r r
<&>p <a>p <a>p HT

Define Hy = 0. For k € {1,2,...,p — 1} we see that
(p) _p =D p=(k=1)
k

k (k—1)!

%(_1)1@71(1 —pHi_1) (mod p*)

and so (_1]);71 =) +pEl D" i,y (mod p?). Hence
p—1 k p—1 k-1
— 1 —1
(=2)" _ xk(_ Py, H’H)
2 o \k k
k=1 k=1
S~ ()
—(I+z)P—1—2aP)+p k; Hy_1 (mod p°)
p k=1
Therefore
Sp-1(pt, )
Spt (Pt 1) (pt = (k— 1)) S~ 1t
= 1—1—2— : P =14+Y (=D)L = ptHp_y)ak
—~ k (k —1)! py k
pfl . p
=14 pt(t—1) k t2z )rt (1= pHi )k
k=1
pfl
=1 —
+pt(t —1) k ( )
k=1
S~ (o)

;1+t(t_1)(_((1+x)p—1—xp)+p2z - Hk,1)+t2<(1+x)p—1—xp)

k=1

11



=1+t((14+z) —1—aP) +p*t(t —1)

Now, from the above we deduce that

p—1 k
= (a)p 1 20 (—)
Sp-1(a,z) = (z +1) (1 +t((1+2)P — 1 —aP) + p*t(t — 1) ;:1: - Hk—l)
(3.4) (@) (@) ) @
ta?(z+1)° Py d p%).
+ pta?(x + < ;r:v—kl ;?"2(3:—1—1)7" prlr(erl)r) (mod p°)

Lemma 3.1. Let p be an odd prime, a,x € Z,, a(zr+1) #0 (mod p) and t = (a — (a),)/p-
Then

p—1 a\ | w , , (a)p 1
<k)x =(x+1) p(1+t((1+x) —1—x)—ptx;T>

+ 1)

(@) L
(z +1)@» (1 +t(1+x)P —1—2P)+ txz <];) ( - > > (mod p?).

x+1

Proof. For r € {1,2,...,p— 1} we have (*) = 2(*_}) = o, (mod p?). Thus,

@p  \po1 . lakp .
_pgr(x—il)r: ( 17“) p<—$i1> = (f)<_xi1> (modpQ).

Now the result follows from (3.4).
Theorem 3.1. Let p be an odd prime, a € Z, and a # 0 (mod p). Then

5 (1)

k=0

(~1) — (a— {a),) Epsl~a) (mod p?).

Proof. Set ¢,(2) = (2P~ —1)/p and t = (a — (a),)/p. Taking x = —2 in Lemma 3.1 we see
that

M

p—1 (a)p
(a> F= (D)@ (14 t((=1)P — 1 — (=2)P)) — pt(— W (mod p?).

k=

—_

r=

It is well known that pB,_1 =p —1 (mod p). Thus, from Lemma 2.2 we deduce that




Now combining all the above we deduce that

-1

:0(Z)C—%kEf04J@”ﬂ—%%ﬁ%xm>+2pﬂ—l¥@P(—qA2)—

S (-1 E, 5(-a)

= (—1)<“>P —ptE, o(—a) (mod ).

This proves the theorem.
Theorem 3.2. Let p > 3 be a prime. Then

Z:: <_Z/3) (2= <_?3> + 3_T(_?3)(2p_1 —1) (mod p?).

Proof. Taking a = —% in Theorem 3.1 and then applying (2.3) we see that

1)0 (7)o

D (- )Ea() = () - () e

)_l

i

From [MOS| we know that Bgn(%) = 23322: By,. Now applying [S6, Lemma 2.2] and the well
known fact pB,_1 =p — 1 (mod p) we deduce that
1
Era(3)
2 1 2 3 —3r1 or—1 _ 1
= — 2p_1—1B_<—>:—2p_1—1-—B_EQ— d p).

Thus the result follows.
Remark 3.1 In [Sul], Z.W. Sun proved that for any odd prime p,

50 (V-2 s i

k=0 k=0

This can be deduced from (3.4).

School of Mathematical Sciences, Huaiyin Normal University, Huaian, Jiangsu
223001, People’s Republic of China

E-mail address: zhihongsun@yahoo.com

URL: http://www.hytc.edu.cn/xsjl/szh

13



References

[Be]

[EMOT]

IMOS]

[M1]

[M2]

[RV]

[51]

[52]

F. Beukers, Another congruence for the Apéry numbers, J. Number Theory 25(1987),
201-210.

A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental
Functions, Vol.I, McGraw-Hill, New York, 1953. Based, in part, on notes left by Harry
Bateman.

R. Ernvall, A congruence on FEuler numbers, Amer. Math. Monthly 89 (1982), 431.

L. van Hamme,Some conjectures concerning partial sums of generalized hypergeomet-
ric series, in: p-adic Functional Analysis, 1996, in: Lect. Notes Pure Appl. Math.,
vol. 192, Dekker, New York, 1997, pp. 223-236.

E. Lehmer, On congruences involving Bernoulli numbers and the quotients of Fermat
and Wilson, Ann. of Math. 39(1938), 350-360.

W. Magnus, F. Oberhettinger and R.P. Soni, Formulas and Theorems for the Special
Functions of Mathematical Physics (3rd ed.), Springer-Verlag, New York, 1966, pp.
25-32.

S. Mattarei and R. Tauraso, Congruences for central binomial sums and finite poly-
logarithms, J. Number Theory 133 (2013), 131-157.

D. McCarthy, On a supercongruence conjecture of Rodriguez-Villegas, Proc. Amer.
Math. Soc. 140(2012), 2241-2254.

E. Mortenson, A supercongruence conjecture of Rodriguez-Villegas for a certain trun-
cated hypergeometric function, J. Number Theory 99(2003), 139-147.

E. Mortenson, Supercongruences between truncated oF, hypergeometric functions and
their Gaussian analogs, Trans. Amer. Math. Soc. 355(2003), 987-1007.

F. Rodriguez-Villegas, Hypergeometric families of Calabi-Yau manifolds in: Noriko
Yui, James D. Lewis (Eds.), Calabi-Yau Varieties and Mirror Symmetry , Toronto,
ON, 2001, in: Fields Inst. Commun., vol. 38, Amer. Math. Soc., Providence, RI, 2003,
pp.223-231.

N.J.A. Sloane, The on-line encyclopedia of  integer  sequences,
http://oeis.org/A000111.

Z.H. Sun, Congruences for Bernoulli numbers and Bernoulli polynomials, Discrete
Math. 163( 1997), 153-163.

Z.H. Sun, Congruences concerning Bernoulli numbers and Bernoulli polynomials, Dis-
crete Appl. Math. 105(2000), 193-223.

14



[S10]

[S11]

[Sul]

[Su2]

[Su3]

Z.H. Sun, Congruences involving Bernoulli polynomials, Discrete Math. 308(2008),
71-112.

Z.H. Sun, Congruences involving Bernoulli and Euler numbers, J. Number Theory
128(2008), 280-312.

7Z.H. Sun,Congruences concerning Legendre polynomaials, Proc. Amer. Math. Soc.
139(2011), 1915-1929.

Z. H. Sun, Congruences for sequences similar to Euler numbers, J. Number Theory
132(2012), 675-700.

Z. H. Sun, Identities and congruences for a new sequence, Int. J. Number Theory
8(2012), 207-225.

Z.H. Sun, Congruences involving (2:)2(3:), J. Number Theory 133(2013), 1572-1595.

Z.H. Sun, Congruences concerning Legendre polynomials II, J. Number Theory
133(2013), 1950-1976.

Z.H. Sun, Legendre polynomials and supercongruences, Acta Arith. 159(2013), 169-
200.

7.H. Sun, Generalized Legendre polynomials and related supercongruences, J. Number
Theory 143(2014), 293-319.

Z.W. Sun, Super congruences and Euler numbers, Sci. China Math. 54(2011), 2509-
2535.

Z.W. Sun, On sums involving products of three binomial coefficients, Acta Arith.
156(2012), 123-141.

Z.W. Sun, Supercongruences involving products of two binomial coefficients, Finite
Fields Appl. 22(2013), 24-44.

15



