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Abstract

Let Z and N be the set of integers and the set of positive integers, respectively. For
a,b,c,d,n € N let N(a,b,c,d;n) be the number of representations of n by ax? + by? +
cz® + dw?, and let t(a,b,c,d;n) be the number of representations of n by az(x —1)/2 +
byly —1)/2 4+ cz(z — 1)/2 + dw(w — 1)/2 (z,y,z,w € Z). In this paper we reveal the
connections between t(a,b,c,d;n) and N(a,b,c,d;n). Suppose a,n € N and 2 t a. We
show that

2
t(a,b,c,d;n):gN(a,b,c,d;8n+a+b+c+d)—2N(a,b,c,d;2n+(a+b+c+d)/4)

for (a,b,c,d) = (a,a,2a,8m), (a,3a,8k+2,8m+6), (a,3a,8m+4,8m+4) (n = m-l-aj*1
(mod 2)) and (a, 3a, 16k+4,16m+4) (n = %1 (mod 2)). We also obtain explicit formulas
for t(a,b,c,d;n) in the cases (a,b, ¢, d) = (1,1,2,8), (1,1,2,16),(1,2,3,6), (1,3,4,12), (1,1,
3,4), (1,1,5,5), (1,5,5,5), (1,3,3,12), (1,1,1,12), (1,1,3,12) and (1,3, 3,4).
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1. Introduction

Let Z and N be the set of integers and the set of positive integers, respectively. Let
74 =7 x 7 x 7 x Z. For a,b,c,d € N and n € NU {0} set

N(a,b,c,d;n) = !{(w,y,z,w) €2 | n=ax? +by® + c2* +dw2}|

and

1 ~1 -1 -1
Harb,e.d:n) = H(x,y,z,w) e 74 n :ax(a:2 )+by<y2 )+Cz(z2 )+dw(w2 >H

The numbers @ (x € Z) are called triangular numbers.
In 1828 Jacobi showed that

(1.1) N(1L,1,1,1;n) =8 ) d.
d|n,4td

For d € {3,5}, in 1847 Eisenstein (see [13]) gave formulas for the number of proper
representations of n by 22 + 32 + 22 + dw? (assuming that ged(z,y, z,w) = 1). From 1859
to 1866 Liouville made about 90 conjectures on N(a,b,c,d;n) in a series of papers. Most
conjectures of Liouville have been proved. See [2-9], Cooper’s survey paper [12], Dickson’s
historical comments [13] and Williams’ book [19].

Let N =N x N x N x N and

x(x —1) +by(y — 1)+Cz(z -1) +d/w(w —1) H

/ . _ 4 _
t(a,b,c,d,n)—H(:U,y,z,w)GN |n=a 5 5 5 5

As %:U(x —-1)= %(—m + 1)(—x) we have t(a,b,c,d;n) = 16t'(a, b, ¢, d;n). Let

Y d ifneN,

o(n) = ¢ dn,deN
0 ifn¢N.
In [14] Legendre stated that
(1.2) t'(1,1,1,1;n) = o(2n + 1).

In 2003, Williams [18] showed that

t’(1,1,2,2;n):i Z (d—(—l)%l).

d|4n+3
For a,b,c,d e Nwithb<a+b+c+d<8let
C(a, b, c, d) =16 + 4i1(i1 - 1)’i2 + 8iq13,

where ¢; is the number of elements in {a,b, ¢, d} which are equal to j. When 5 < a+ b+
c+d <7, in 2005 Adiga, Cooper and Han [1] showed that

(1.3) Cl(a,b,c,d)t'(a,b,c,d;n) = N(a,b,c,d;8n+a+ b+ c+d).



When a + b+ ¢+ d =8, in 2008 Baruah, Cooper and Hirschhorn [10] proved that
(1.4) Cl(a,b,c,d)t'(a,b,c,d;n) = N(a,b,c,d;8n + 8) — N(a, b, c,d; 2n + 2).

In 2009, Cooper [12] determined t'(a,b,c,d;n) for (a,b,c,d) = (1,1,1,3), (1,3,3,3),
(1,2,2,3), (1,3,6,6), (1,3,4,4), (1,1,2,6) and (1,3,12,12).

In a previous paper [17], the authors obtained explicit formulas for ¢(a, b, ¢, d;n) in the
cases (a,b, ¢, d) = (1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), (1,3,3,9), (1,1,9,9), (1,9,9,
9), (1,1,1,9), (1,3,9,9) and (1,1,3,9).

Ramanujan’s theta functions ¢(q) and 1(q) (see [11]) are defined by

(1.5) E " =1 —|—2Zq and (g Zq” D2 (1] < 1).

n=-—o00 n=0

It is evident that for |¢| < 1,

> N(a,b,e,d;n)g" = 0(q")(d")e(a")p(a%),

> H(a,b,e,din)g" = p(g")b(d") e (g)(g?).

From [10, Lemma 4.1] we know that for |¢| < 1,

(1.6) olq) = ¢(q") + 2qv(q®),

(1.7) P(@)0(q®) = o(d®)v(a") + av(a?)e(d?),

(1.8) ¥(q)* = o(a)¥(q*).

By (1.6), for k € N,

(1.9) o(q") = o(q™) + 26"V (¢*") = 0(¢"%) + 20" (¢**F) + 24" ¥ (¢*").

In this paper, by using Ramanujan’s theta functions we reveal some connections be-
tween t(a, b, ¢, d;n) and N(a, b, c,d;n). Suppose a,n € N and 2 1 a. We show that

2
t(a,b,c,d;n) = 3 N(a,b,c,d;8n+a+b+c+d)—2N(a,b,c,d;2n+ (a+b+c+d)/4)

for (a,b,c,d) = (a,a,2a,8m), (a,3a,8k + 2,8m + 6)7 (a,3a,8m + 4,8m + 4) (n =
a1 (mod 2)) and (a, 3a, 16k +4,16m +4) (n = %51 (mod 2)). Using the formulas
for N(a,b,c,d;n) in [4-9] we also obtain explicit formulas for #(a,b,c,d;n) in the cases
(a,b,c,d) = (1,1,2,8), (1,1,2,16), (1,2,3,6), (1,3,4,12), (1,1,3,4), (1,1,5,5), (1,5,5,5),
(1,3,3,12), (1,1,1,12), (1,1,3,12) and (1,3,3,4).
Throughout this paper () is the Legendre-Jacobi-Kronecker symbol. For n € N, a(n)
is given by

o
qH1—q (1= g™ (1 =) (1= ¢"") =D a(n)g" (g <1).
n=1

We remark that the g-series with coefficients a(n) is a cusp form of weight 2. It is known
that ([15, p.4853]) a(n) is a multiplicative function of n. In [16, Conjecture 2.1], the
second author conjectured that

a(p) = _<§) pz_i (W) for any prime p > 3.
=0



2. Four relations between t(a, b, c,d;n) and N(a,b, c,d;n)
Theorem 2.1. Let m,n € N and a € {1,3,5,...}. Then
t(a,a,2a,8m;n) = ;N(a, a,2a,8m;8n + 8m + 4a) — 2N (a, a, 2a,8m; 2n + 2m + a).

Proof. Suppose |¢| < 1 and a = 2s + 1. By (1.9),

D
ZN(23 +1,25 4+ 1,45 + 2,8m;n)q"

n=0
= 0(¢* ) 0(d" )l
_ ((p(q325+16) + 285y (P4 32) 4 2q25+1¢(q16s+8))2
% (So(q16s+8) + 2q4s+2¢(q32s+16)) . ((p(q32m) + 2q8m¢(q64m))
_ ((p(q325+16)2 + 4ROy (615 TB2Y2 | g dst2y(165+8)2
1 4gBH (B2 18) (845 +82) J 425 (32516 )y (¢16518)
i 8q105+5¢(q64s+32)¢(q16s+8))
% (@(q16s+8)¢(q32m) + 265 (g 658 (¢84™) + 24452 (525 H16) o (¢52™)
+ 4q8m+4s+2¢(q328+16)w(q64m))_

2s+1 4s+2) Sm)

(2.1)

Note that ¢(g81 )™ (¢8k2)m2 = 32, bng® for any nonnegative integers kq, ka2, m; and
mg. From (2.1) we deduce that

)
D ON(2s+ 1,25+ 1,45 +2,8m; 8n + 4)¢*"
n=0
— 4q45+2¢1(q165+8)2 . 2q4s+2¢(q32s+16)gp(q32m)
+ 4q45+21/)(q165+8)2 X 4q8m+4s+2¢(q325+16),¢)(q64m)
+ 4q85+4¢(q32s+16)w(q64s+32) . (,O(q168+8)g0(q32m)
+ 4q88+4¢(q32s+16)¢(q64s+32) . 2q8m(p(q165+8)¢(q64m)

and so

o
D N(2s+1,25+ 1,45 + 2,8m; 8n + 4)¢*"
n=0

— 8q881/1(q168+8)21/1(q328+16)@(qng) + 16q8m+83w(q16s+8)2w(q323+16)w(q64m)
+ 4q83cp(q323+16)w(q643+32)<p(q165+8)<p(q32m)
+ 8q85+8mtp(q325+16)w(q645+32)@(q165+8)w(q64m).

Replacing ¢ with ¢'/® in the above formula we obtain

o0
ZN(ZS-I—1,25+1,45+2,8m;8n+4)q"

n=0

= 8¢* (¢ )2 (¢" ) p(¢"™) + 16¢" 5 (¢* )2 (g™ ) (¢*™)
+4¢°0(g" V(@ T (¢* e (g"™) + 8¢5 (" T2 (%) (¢ T (6P ™).

4



By (1.8),

w(q23+1)2 w(q4s+2>2

2541 4s+2 8s+4y\ _ .
(g )e(q™ " )b(g )_w(q‘““) D(g )

. 77b(qu—|—4) — w(q23+1)2w(q4s+2).

Hence

oo
D ON(25+1,25+ 1,45 + 2,8m; 8n + 4)¢"

n=0

= 12¢°%(¢** )" ) (¢"™) + 245 ()2 (¢ (¢PM).

On the other hand, from (2.1) we have

[o.¢]
> N(2s+1,25+ 1,45 + 2,8m; 2n + 1)g*" !
n=0

= 4> ()P (q ) (¢ ) p(¢*™).

Replacing ¢ with ¢'/2 in the above formula we obtain

oo
D ON(2s+1,25+ 1,45+ 2,8m; 2n + 1)¢"

n=0

= 4¢° (g™ )Y@ ) e(¢* ) (¢™) = 46" (¢* )2 (¢ ) (¢*™).

Hence,

o0
D ON(2s+ 1,25+ 1,45 + 2,8m; 8n + 4)¢"

n=0

oo
—3) N(2s+1,25+ 1,45+ 2,8m; 2n + 1)¢"

n=0

— 24qs+mw(q2s+1)2w(q4s+2)d)(q8m)

o0
= 240" "#/(25 4+ 1,25 + 1,45 + 2,8m; n)q”
n=0
oo

3
- 5qm+s D #(2s+1,25+ 1,45 + 2,8m;n)q".
n=0

Comparing the coefficients of ¢" ™% on both sides we obtain the result.
Theorem 2.2. Let a € {1,3,5,...}, k,m € {0,1,2,...} and n € N. Then
2
t(a,3a,8k 4+ 2,8m + 6;n) = gN(a,Ba,Sk+2,8m+6;8n+8k+8m+4a+8)
—2N(a,3a,8k +2,8m + 6;2n + 2k + 2m + a + 2).



Proof. Suppose |¢| < 1 and a = 2s + 1. By (1.9),
(2.2)
oo
D N(2s+ 1,65+ 3,8k +2,8m + 6;n)q"
n=0
= (@™ )p(@ ) (¢ )plg
= (

cp(q328+16) + 2q88+4,¢]( 64s+32) + 2q2s+1¢( 16s+8))
963+48 + 2q24s+12w( 1925+96) + 2q6$+3¢( 485+24))

2s+1) 6$+3) 8k+2) 8m+6)

x (g

( 32k+8 + 2q8k+2¢( 64k+16)) (s@(q32m+24) + 2q8m+6w(q64m+48))

_ ((,0((]323+16) ( 96s+48) + 2q245+1280(q328+16)T/1<Q192S+96) + 2q65+3g0(q325+16)¢(q485+24)

4 2q85+4¢( 64s+32) (q965+48) 4 4q328+16¢(q645+32)¢(q1928+96)

+ 4q14s+7¢(q64s+32) (q485+24) + 2q2s+1,¢(q16s+8)¢(q965+48)
+ 4q268+13w(q165+8)1/1(q1923+96) + 4q83+4w(q16s+8)¢(q483+24))

% (go(q32k+8)<p(q32m+24) + 2q8m+6¢(q32k+8)w(q64m+48) + 2q8k+2¢(q64k:+16)g0(q32m+24)

+ 4q8m+8k+8w(q64k+16)w(q64m+48)) )

Note that ¢(g81 )™ (¢¥k2)m2 = >, bng® for any nonnegative integers kq, k2, m; and

ma. From (2.2) we deduce that

o0
D N(2s+1,65+ 3,8k +2,8m + 6;8n + 4)¢"
n=0
— 2q24s+1290(q328+16)¢(q192s+96) . S0(61321%8)()0((]32m+24)
+ 2q24s+12§0(q325+16)¢(q1928+96) . 4q8m+8k+8¢(q64k+16),¢](q64m+48)

+ 2q85+4w( 64s+32) ( 965+48) . (,0((]32k+8)90(q32m+24)
+ 2q85+4w q64s+32> 96s+48) . 4q8m+8k+8w(q64k+16)¢(q64m+48)

(
+ 4q85+4w(q168+8) ( 485+24) . <p(q32k+8)90(q32m+24)
+ 4q85+4w(q168+8) ( 488+24) . 4q8m+8k+8w(q64k+16)w(q64m+48)

and so

o0
> N(25+1,65+ 3,8k +2,8m + 6;8n + 4)¢>"
n=0
— 2q24s+8¢(q328+16)¢(q192s+96)¢(q32k+8)<p(q32m+24)
+ 8q24s+8m+8k+16<p(q32s+16)w<q1923+96)w(q64k+16)¢(q64m+48)
2

+ 2q88¢(q64s+32)tp(q965+48)90(q32k+8)<p(q
+ 8q8m+8k+8s+8¢( 64s+32)()0(q965+48)¢ (q64k+ 16)1/) (q64m+48)

+4q88¢( 165+8)¢( 485+24) (q32k’+8) ( 32m+24)
+ 16q8m+8k+8s+8w( 168+8)¢(q488+24) ( 64k+16)w(q64m+48)_

3 m+24)

Replacing ¢ with ¢'/® in the above we obtain

o
ZN(23+ 1,65+ 3,8k + 2,8m + 6;8n + 4)¢"
n=0



— 2q38+1<,0(q48+2)¢(q245+12)@(q4k+1)90((]4m+3)
+ QQSw(QSS-M)4,0(q128+6)<,0(q4k+1)w(q4m+3)
+ 8IS (g5 T2) (P H2) ) (B2 )ap (PO
+ 8¢ LY (B o (¢ (6B (B )

_|_4q31/}( 23+1) ( 65+3) (q4k+1)<p(q4m+3)
+ 16qm+k+s+1¢( 2s+1) (q65+3),¢(q8k+2) ( 8m+6)‘

Applying (1.7) we get

> N(2s+ 1,65+ 3,8k +2,8m + 6;8n + 4)¢"
n=0

— 6q5¢(q23+1)¢(q6s+3)go(q4k+1)s0(q4m+3) + 24qm+k+s+1,¢(q2s+1)¢(q6s+3)w(q8k+2)¢(q8m+6).
By (1.6),

> N(2s+ 1,65 + 3,8k + 2,8m + 6;n)q"
n=0

= ¢(q ©(q ©(q v(q
— (cp(q88+4) + 2q2s+1¢ 165+8 )( 24s+12 + 2q63+3¢( 485+24))(,0(q8k+2)(,0(q8m+6)

25+1) 65+3) 8k+2) 8m+6)

and so

[e.e]
ZN(25—|— 1,65+ 3,8k +2,8m + 6;2n + 1)q2n+1
n=0

_ 2q65+3¢(q8s+4)¢(q485+24)¢(q8k+2)¢(q8m+6)
+ 2q2s+1¢(q163+8)¢(q24s+12)Sa(q8k+2)s0(q8m+6) )

Replacing ¢ with ¢'/2 in the above formula we obtain

o
ZN(23+ 1,65 + 3,8k +2,8m + 6;2n + 1)¢"
n=0

= 2¢% (" )P (¢ T2 ) o (g™ 3) + 2¢° Y (¥ (¢ 2T (¢ (gt T).
Now applying (1.7) we get

D N(25 41,65+ 3,8k +2,8m + 6;2n + 1)¢" = 2¢°0(¢* ) (¢* )¢ (¢ ).
n=0

Thus,

o0
ZN(Qs—i— 1,65 + 3,8k + 2,8m + 6;8n + 4)¢"
n=0

o
—3) N(2s+ 1,65+ 3,8k + 2,8m + 6;2n + 1)¢"
n=0



_ 24qm+k+s+1¢(q25+1)w(q6s+3)¢(q8k+2)w(qu-&-G)

o0
— 24gmthtstl Z (25 + 1,65 + 3,8k 4+ 2,8m + 6;1)¢"

n=0
3 o
- iqm+k+s+1 Z t(2s 4 1,65 + 3,8k + 2,8m + 6;n)q"
n=0

Comparing the coefficients of g™+ +¥+5+1 on both sides we obtain the result.

Theorem 2.3. Leta € {1,3,5,...}, m € {0,1,2,...} andn € N. Ifn =m + %
(mod 2), then

2
t(a,3a,8m +4,8m + 4;n) = gN(a,3a,8m+4,8m—|—4;8n+16m+4a+8)
—2N(a,3a,8m + 4,8m + 4;2n + 4m + a + 2).

Proof. Suppose |¢| <1 and a = 2s + 1. Using (1.9) we see that

(2.3)

ZN(23+ 1,68+ 3,8m +4,8m + 4;n)q¢"
n=0
— (q28+1)<p(q68+3)<p(q8m+4)2
SO(QSQS—HG) + 2q88+4¢(q645+32) + 2q25+1w(q165+8))
(QO 965+48 + 2q24s+12,(/]( 19254—96) + 2q65+3,¢( 48s+24))
X (pla

32m+16 +2q8m+4w( 64m+32))

/‘\ﬁ

X

— (so(q328+16) ( 965+48) + 2q245+12w(q328+16)¢(q1928+96) + 2q65+390(q325+16)1/1(q485+24)
+ 2q85+4¢(q648+32)<p(q 65+48) + 4q32s+16¢(q64s+32)¢(q192s+96)
+ 4q14s+7w(q64s+32)w(q485+24) 4 2q2s+11/1<Q168+8)§0(q965+48)
+ 4q268+13¢(q165+8)w(q1925+96) + 4q88+4¢(q165+8)¢(q488+24))

% (Qp(q32m+16)2 _|_4q8m+4s0(q32m+16)w(q64m+32) +4q16m+8¢(q64m+32)2).

Note that o(g81)m1eh(gk2)m2 = > oo bng®”

for any nonnegative integers ki, ko, m1 and
mg. From (2.3) we deduce that

oo
D N(25+1,65+3,8m +4,8m + 4;8n + 4)¢*"
n=0

= ¢(q
+ 2q24s+12s0(q32s+16) ( 192s+96)( ( 32m+16)2 + 4q16m+8,¢(q64m+32)2)
+ 2q85+4w(q648+32)<p( 965+48)( (q32m+16) + 4q16m+8,¢(q64m+32)2)
+ 4q328+16¢(q64s+32)¢(q1923+96) . 4q8m+4w(q32m+16)¢(q64m+32)
+ 4q85+4¢(q16s+8)¢(q485+24) ((p(q32m+16)2 + 4q16m+8¢<q64m+32)2)

325+16)(’0(q968+48) . 4q8m+4gp(q32m+16)w(q64m+32)

and so

oo
Z N (25 + 1,65 + 3,8m + 4, 8m + 4;8n + 4)¢>"
n=0



— 4q8m¢(q325+16)(p(q968+48)(p(q32m+16>w(q64m+32)
+ 2q24s+8¢(q325+16)¢(q1928+96)¢(q32m+16)2
+ 8q248+16m+1690(q328+16)w(q1928+96)Q/)(q64m+32)2
+ 2q85¢(q648+32)¢(q965+48)go(q32m+16)2
+ 8q85+16m+8¢(q64s+32)4p(q965+48)w(q64m+32)2
+ 16q32s+8m+161/}(q64s+32) ( 1923+96) ( 32m+16)¢(q64m+32)
)?

+ 4q88¢(q168+8)¢(q488+24) ( 32m+16
+ 16q8s+16m+8¢(q16s+8),¢( 48s+24) (q64m+32)

Replacing ¢ with ¢'/® we then obtain

o
ZN(28+ 1,65+ 3,8m + 4, 8m + 4; 8n + 4)¢"
n=0

_ 4qm<p(q45+2)¢(q128+6)tp(q4m+2)¢(q8m+4)
+ 2q35+1go(q4s+2)w(q24s+12)so(q4m+2)2 + 2qsw(q85+4)go(q125+6)<p(q4m+2)2

+ 8q3s+2m+2¢(q4s+2) ( 24s+12) ( 8m+4)2 + 8qs+2m+1w(q85+4)¢(q12s+6)w(q8m+4)2
+ 16q45+m+2,¢(q85+4) ( 24s5+12 ( 4m+2) (q8m+4)

)¢
+4qsw(q25+1)w(q65+3) ( 4m+2) _|_16qs+2m+1¢(q25+1)¢(q65+3)w(q8m+4)2‘

By (1.7),

(2'4) ¢(q85+4)g0(q125+6) + q25+1cp(q48+2)1/1(q245+12) _ w(q2s+l)¢(q65+3)'

Thus,

o0
D N(25+1,65+3,8m +4,8m + 4;8n + 4)q"
n=0

(2.5) = 44" (¢ )p(q q
+ 16q4s+m+2¢(q8s+4) ( 24s+12)80(q4m+2)1/}(q8m+4)
+ 6(]51/1((]2s+1)¢(q68+3)§0((]4m+2)2 + 24qs+2m+1w(q25+1)w(q65+3)w<q8m+4)2.

On the other hand, using (1.9) we see that

123+6) ( 4m+2)¢)( 8m+4)

o0
Z N(2s+ 1,65+ 3,8m +4,8m + 4;n)q"
n=0

90( 25+1)cp(q68+3)<p(q8m+4)2
( 83+4) + 2q23+1¢(q16s+8)) ((p(q24s+12) + 2q65+3¢(q488+24))@(q8m+4)2

and so

0o
Z N(2s+ 1,65+ 3,8m +4,8m + 4;2n + 1)q2n+1
n=0

— (2q65+3¢(q85+4>,¢(q48s+24) + 2q25+1w(q165+8)w(q24s+12)) @(q8m+4)2.



Replacing g with q'/? we then obtain

oo
D N(25+1,65+3,8m +4,8m + 4;2n + 1)g"
n=0

— (2q38+180(q45+2)¢(q248+12) + 2(187,[)((]884_4)90((]125—’—6))90((]4m+2)2-

Now applying (2.4) we get

o0
(2.6) > N(2s+ 1,65+ 3,8m +4,8m + 4;2n + 1)g" = 2¢°P(q* T )ep(¢% ) p(¢"™F2)2.
n=0

From (2.5) and (2.6) we deduce that

ZN(23—|— 1,65+ 3,8m +4,8m + 4; 8n + 4)¢"
n=0

—3) N(2s+1,65+3,8m +4,8m +4;2n + 1)q"
n=0

_ 4qm(p(q4s+2)
+ 24qs+2m+1

_ 4qm(’p( 4S+2)‘P q12s ) ( 4m+2) (q8m+4)
+16q4s+m+2¢(q8s+4) ( 24s+12) (q4m+2) ( 8m+4)

q12s+6) ( 4m+2) ( 8m+4)

(
(@) (24m+2)w(q8m+4)
(q25+) (6s+3) (q8m+4)2

+ 24¢5H2mH Z t'(2s + 1,65+ 3,8m + 4, 8m + 4;n) "
n=0

Suppose n = m + s (mod 2).

Then s +2m +1+n=m+1 (mod 2)
coefficients of ¢*t2m+1+n §

. Comparing the
in the above expansion we obtain

N(2s+1,6s+3,8m+4,8m+482m+n+s+1)+4)
—3N(2s+1,6s+3,8m+4,8m+4;22m+n+s+1)+1)

3
=24t'(25s + 1,65 + 3,8m + 4,8m + 4;n) = §t(23—|—1,63+3,8m+4,8m+4;n).

This completes the proof.

Theorem 2.4. Let a € {1,3,5,...}, k,m € {0,1,2,...} and n € N. Ifn = &
(mod 2), then

2
t(a,3a,16k +4,16m + 4;n) = gN(a, 3a, 16k + 4,16m + 4;8n + 16k + 16m + 4a + 8)

—2N(a,3a,16k + 4,16m + 4;2n + 4k + 4m + a + 2).
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Proof. Suppose |g| < 1 and a = 2s + 1. Using (1.9) we see that
(2.7)
o

> N(2s 41,65 + 3,16k + 4, 16m + 4;1)¢"
n=0
= ¢(q v(q v(q v(q
(90(q323+16) +2q8$+41/)( 64s+32) +2q2s+1¢( 163+8))

2s+1) 65-1—3) 16k‘+4> 16m+4)

©(q 965+48 _'_2q24s+12¢( 1928+96) +2q63+3¢( 485+24))

x (wlg
% ( 64k+16 + 2q16k+4,¢)(q128k+32)) . ( 64m+16) + 2q16m+41/}(q128m+32))

©(q
(90 325+16) ( 965+48) 4 2q248+12(,0((]328+16)¢(q192s+96) + 2q68+380(q328+16)1/1((]488+24)
+ 2q85+4¢( 64s+32) (q965+48) + 4q328+16¢(q648+32)¢(q1925+96)

+ 4q14s+7w(q64s+32)¢(q485+24) + 2q2s+1¢(q165+8)(p(q965+48)

+ 4q263+13¢(quHB)w(qu%) + 4q83+4w(q165+8)T/}(q485+24))

% ((,0((]64k+16)<,0(q ¢(q64k+16)¢(q128m+32)
+ 2q16k+4,¢(q128k+32)(p(q64m+16) + 4q16k+16m+8¢(q128k+32),¢<

64m+16) + 2q16m+4

q128m+32)) )

Note that o(g8%1)™14p(g8%2)m2 = 5" 1 b,,¢®" for any nonnegative integers ki, k2, m; and
ma. From (2.7) we deduce that

o.9]

> N(2s+1,65+ 3,16k + 4,16m + 4;8n + 4)¢*"
n=0

= ¢lq vl 2410 (g q

+ 2q245+12<p(q323+16)w(q192s+%) ((p(q64k+16)gp(q64m+16)
128m+32))

325—0—16) 965-1—48) ( 16m-+4 64k+16)¢( 128m+32) + 2(]16k+41/)(q128k+32)§0(q64m+16))

+ 4q16k+16m+8w(q128k+32)w(q

+ 2q85+4w(q64s+32)¢(q96s+48) (go(q64k+16)s0(q64m+16)
+ 4q16k+16m+8w(q128k+32)w(q128m+32))

_’_4q328+16,¢)( 64s+32)¢( 192s+96) (2 16m+4 (q64k+16)¢(q128m+32)
+2q16k+4 ( 128k+32) ( 64m+16))
_’_4q83+4¢( 16s+8)w( 483+24)( (q64k+16) ( 64m+16)

_’_4q16k+16m+8w( 128k+32),¢(q 8m+32))

and so

o0

> N(2s+1,65+ 3,16k + 4,16m + 4;8n + 4)¢*"
n=0

_ 2q16m(p(q325+16) 96s+48)

64k+ 16)w( 128m+32)

©(q ©(q q
+ 2q16k90(q325+16)cp(q963+48)¢(q128k+32)(p(q64m+16)

+ 2q245+8g0(q325+16)1/1(q1928+96)90(q64k+16)cp(q64m+16)

+ 8q248+16k+16m+16§0(q328+16)w(q1925+96)¢( 128k+32)w( 128m+32)

q
+ 2(]85'¢1((]648+32)(P(q965+48)QD(q64k+16)§0(q64m+16)
+ 8q85+16k+16m+8¢1(q648+32)<p(q965+48)¢(q128k+32)¢(

q

q128m+32)
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—|—8q325+16m+16¢(q645+32)¢(q1928+96) ( 64k+16),¢} 128m+32)
+ 8q328+16k+16¢(q645+32)¢(q1928+96) ( 128k+32)

+ 4q85w(q168+8)w(q485+24)<p(q64k+16) ( 64m+16)
q485+24)¢(q128k+ )w(q128m+32)'

(,0( 64m+16)

+ 16q8s+16k+16m+8w(q165+8),¢](

Replacing g with ¢'/8 in the above we obtain

> N(2s+1,65+ 3,16k + 4,16m + 4;8n + 4)q"
n=0

— 2q2m80(q48+2)go(q125+6)@(q8k+2)¢(q16m+4)
+ 2q2k<,0(q48+2)ip(q125+6)¢<q16k+4)§0(q8m+2)
+ 2q38+14,0(q4s+2)¢(q245+12)4,0(Q8k+2)<,0(q8m+2)
+2¢°9(¢* ) p(q"T0) o (¢ ) (¢ ?)

+ 8q3s+2k+2m+2(p(q4s+2)w(q24s+12)w(q16k+4)w(q16m+4)
+ 8q5+2k+2m+1 ( 85—}—4) ( 125+6) (q16k+4)w(q16m+4)

+8q4s+2m+2 ( 85+4) ( 24s+12) ( 8k+2),¢( 16m+4)

q
+ 8q4s+2k+21/)(q88+4)¢(q24s+12),¢(q16k+4)(p(q8m+2)

+4g°0 (¢ )¢ (¢ ) (¢¥ )
+ 16qs+2k+2m+1¢ (q23+1 )w (q6s+3)w (q16k+4)¢ (q16m+4) '

By (1.7),
(@ (g 70) + > To(@ (@) = » (g™ T).
Thus,
o0
Z N(2s+ 1,65 + 3,16k + 4, 16m + 4; 8n + 4)¢"
n=0
_ 2q2m(p(q4s+2)(p(q12s+6) ( 8k+2) (q16m+4)
+ 2 2k 4542 12s+6 16k+4 8m—+2
(2'8) q4sf2(ri]z+2 )(ps(sq—f—4 )24(5-1—12 )ilzﬂ ) 16m+4
+ 8¢ PY(¢> (g )o@ )Y (g )

+ 8q4s+2k+2¢(q85+4)w(q24s+12)¢<q16k+4) ( 8m+2)

+6qsw(q2s+1)¢(qﬁs+3) ( 8k+2) (q8m )
+ 24q5+2k+2m+1w(q25+1)¢(q65+ )w(q16k+4)¢(q16m+4)‘

On the other hand, using (1.9) we see that

> N(2s+1,65+ 3,16k +4,16m + 4;n)q"
n=0

_ S0( 2s+1)

65—1—3) 16k+4) 16m+4)

(@) w(q v(q

— (@(q83+4) + 2q23+1¢ 16s+8 )( 24s+12 + 2q6s+31/}( 483+24))<p(q16k+4)<p(q

12
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and so

(o.¢]
D N(2s+ 1,65+ 3,16k + 4, 16m + 4;2n + 1)¢*" !
n=0

— 2q6s+3<,0(q88+4)¢(q48s+24)<,0(q16k+4)so(qlﬁmﬂ)
+ 2q2s+1,¢(q16s+8)Sp(q24s+12)90(q16k+4)90(q16m+4) ]

Replacing ¢ with ¢'/2 in the above formula we obtain

o0
> N(2s+1,65+ 3,16k + 4,16m + 4;2n + 1)¢"
n=0
=207 (@ () (¢ () + 2079 (¢F T (0O (¢ (7).

Now applying (1.7) we get

o0
Z N(2s+1,6s + 3,16k + 4, 16m + 4;2n + 1)¢"
(29) n=0

— ZQS@Z)(QQS—H)w(q68+3)@(q8m+2)90(q8k+2)-

From (2.8) and (2.9) we deduce that

> N(2s+ 1,65 + 3,16k + 4, 16m, + 4;8n + 4)¢"
n=0

o

—3) N(2s+1,6s+ 3,16k +4,16m + 4;2n + 1)¢"
n=0

= 2¢""0(¢"*?) (g q

+2¢°%0(¢" ) 0(q"** )0 (¢" (g

+ 8q45+2m+2¢(q85+4),¢< 24s+12)¢(q8k+2) ( 16m+4)

+ 8q4s+2k+2w(q85+4)1/}(q24s+12)¢(q16k+4)¢(q8m+2)

+ 24qs+2k+2m+11/}(q23+1)¢(q65+3)¢(q16k+4)¢)(q16m+4) )

Suppose n = s (mod 2). Then n+s+2k+2m+1 =1 (mod 2). Comparing the coefficients
of gntst2k+2m+1 iy the above expansion we obtain

4s+2) 128+6) ( 8k+2) ( 16m+4)

8m+2)

N(2s+ 1,65+ 3,16k +4,16m + 4;8(n + s+ 2k +2m + 1) + 4)
—3N(2s+ 1,65+ 3,16k +4,16m + 4;2(n+ s + 2k + 2m + 1) + 1)

3
= 241'(25 + 1,65 + 3,16k + 4, 16m + 4;n) = J#(25 + 1,65 + 3, 16k + 4, 16m + 4 n).

This completes the proof.

3. Formulas for ¢(1,1,2,8;n), t(1,1,2,16;n), t(1,2,3,6;n)
and t(1,3,4,12;n)

From now on we assume that Z2 = Z x Z.
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Lemma 3.1 ([5, Theorem 4.3]). Suppose n € N, n =2%ny and 2{ny. Then

2
20(ny) + 2(n—) Z r ifn=1 (mod4),
! (r,8)EZ2 4|r—1

N(1,1,2,8;n) = n1:r2+452
20(ny) ifn=3 (mod 4),
120(n1) ifn=4 (mod 8).
Theorem 3.1. Let n € N. Then
4o(2n+ 3) if 2| n,

n—1 3
#(1,1,2,8n) ={ 402n+3)+4(-1)"7 > r if2fn.
(r,8)€Z2 4|r—1
2n+3=r2+4s>

Proof. Taking a = m = 1 in Theorem 2.1 we see that
2
t(1,1,2,8;n) = gN(l, 1,2,8;8n+12) —2N(1,1,2,8;2n + 3).

Now applying Lemma 3.1 we deduce the result.
Lemma 3.2 ([5, Theorem 4.15]). Let n € N and n = 2%n; with 2{ny. Then

2Z%G>+2 ST ¢ ifn=1 (mod?2),

d|ny (r,s)€Z2,4|r—1
N(1,1,2,16;n) = n1=r2+2s2
2
12dlz %(ﬁ) ifn=4 (modS8).
n1

Theorem 3.2. Suppose n € N. Then

t(1,1,2,16;n):4z2”;5<2>—4 Yoo

d|2n+5 (r,s)€Z2,4)r—1
2n+5=r2+42s2

Proof. Taking a =1 and m = 2 in Theorem 2.1 we see that
2
t(1,1,2,16;n) = gN(l, 1,2,16;8n +20) — 2N(1,1,2,16;2n + 5).

Now applying Lemma 3.2 we deduce the result.
Lemma 3.3 ([4, Theorem 1.15]). Let n € N, n = 2%3°n; and ged(n1,6) = 1. Then

(3% —2)o(ny) +a(n) ifn=1 (mod2),

N(1,2,3,6;n) = {6(3ﬁ+1 — 2)o(n1) ifn=0 (mod 4).

Theorem 3.3. Suppose n € N and 2n + 3 = 3%n1 with ny € N and 3 fny. Then
£(1,2,3,6;n) = 2(3°Tt — 2)o(n1) — 2a(2n + 3).

Proof. Taking a =1 and k =m = 0 in Theorem 2.2 we see that

2
£(1,2,3,6;n) = SN(1,2,3,6:8n + 12) — 2N(1,2,3,6:2n + 3).
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Now applying Lemma 3.3 we deduce the result.
Lemma 3.4 ([4, Theorem 1.17]). Let n € N and n = 2%3°n; with ged(ny,6) = 1.

Then
8a(ny) ifn=4 (mod 8),

N(1,3,4,12;n) = { oni)+aln) ifn=1 (mod4),
ony) —a(n) ifn=3 (mod4).

Theorem 3.4. Suppose n € N and 2n + 5 = 3%n; with 31 ny. Then
t(1,3,4,12;n) = 2(c(n1) — (—=1)"a(2n + 5)).
Proof. Suppose |g| < 1. Then clearly

> N(1,3,4,12;0)¢" = p(9)(q*)p(a* ) (q"?).

n=0
By (1.9),

e(@)e(d®)e(g ) e(q"?)

= (p(¢"%) +2q4¢( ) + 20 (¢%))

x (p(q™) + 2¢"¢(¢") +2q‘°’1/1(q2 )
x (p(g" +2q4w( ) - (elq* )+2q12w(q96))
= (0(q")(q"®) + 2¢"2 (¢ ) (") + 2¢°0(¢"*) v (¢**)
+2q" (g )so(q‘*S) +4q" (6% (¢™) +4q7¢< 32) (¢*)
+2q0(¢*)0(q"®) + 44" (¢®) Y (¢°%) + 44" (¢*) ¥ (¢*))
< (0(a"%)p(q™) + 2¢"0(q")1 (%) + 24" ¥ (q 32) (4"
+ 4" (¢")1(¢°%)).

Note that ¢(g81 )™ (¢¥k2)m2 = > o bng® for any nonnegative integers kq, k2, m; and
my. From the above we deduce that

D N(1,3,4,12;8n 4 4)¢>"
n=0
= 0(q")p(d*) - 20" (¢")v(¢™) + 0(¢")(¢") - 24" (¢°*)p(¢*)
)1(q”) - 0(q")e(q*®) + 2¢" (¢ ) (™) - 44"% (") (¢*?)
+2¢"(¢*)p(q™) - (0" (¢™) + 20" (¢*)o(q™®) - 44'09(¢*%) v (¢*)
2)9(q”) - 2¢"20(q") (%) + 4¢"%(6**) 9 (¢”°) - 20" (¢*) 0 (¢*®)
9)(a®) - 0(a"%)p(q™®) + 4q" Y (@®)(@**) - 46" (") (¢*?)

and so

D N(1,3,4,12;8n 4 4)¢™"
n=0
=2¢%0(q"")(¢*)0(¢") (™) + 20(¢"%)p(a*®)1(¢*) 0 (¢*®)
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+2¢%0(¢") Y (™) (") 0 (a*®) + 8% 0(¢"%) ¥ (™) ¥ (¢”%) (™)
("%)p(q"®) + 8¢ v (a**) e (¢**) ¥ (¢”) ¥ (¢
6

16

+ 20(¢**)e(q*®)(q'%) ¢
+ 8¢ () (d”)p(a' ) (™) + 8¢ (¢**) Y (™) (¢**) (™)
) @

+ 49 ()0 (®Me(a ) (™) + 16¢" 0 (¢®) (* ) (¢*) (¢*).

Replacing g with ¢'/® in the above we obtain

> N(1,3,4,12;8n + 4)q"

n=0

= 290(¢*)e(q®)e(a*) Y (q"?) + 20(¢°) 0 (¢°) ¥ (g*) o (¢°
+ 2q0(q°) ¥ (q"?)p(q*)p(q°) + 8¢°0(q*) v (q"*) (¢ %) (q")
+ 20(¢)0(¢®)o(a®) (%) + 84* ¥ (g p(d®) (") v (q)
+8¢° (g (q"?)e(d*)¥(q?) + 8¢ (g (¢"*) v (¢ e(q%)
+ 49 () (q*)e(q*)e(q®) + 16¢% (@) () (¢ )b (q")

= 4q0(q°)e(¢*)(q*) ¥ (q") + 40(q*)p(¢°) v (") p(q°)
+ 49 (q)v(q*)e(a®) (g 6)+16q o(*) (g™ (g (g")
+ 1669 (¢ (6" (") (a®) + 16¢°0(a)b(a®)v(a"?)w(q?).

Now applying (1.7) we get

N(1,3,4,12;8n + 4)¢"
) 2

= 8v(0)(a*)2(a*)(a°) + 328 (@)v (@) (¢"*)v(¢").-
On the other hand, using (1.9) we see that

D ON(1,3,4,12n)q" = (o(q") + 200(¢*) (#(a"%) + 26*0(¢*")) p(g")p(¢"?)

n=0

and so

D ON(1,3,4,12;2n + Dg* ! = 209 (¢%)0(0") 0 (¢") + 26%0(a") v (6 (g ) (a™).
n=0

1/2

Replacing ¢ with ¢*/# we then obtain

i)N(L 3,4,12;2n + 1)¢" = 20(¢")p(¢°)*0(¢*) + 200(4* ) (a")p(a®) 2 (a°).-
Now ap;lying (1.7) we get
(3.2) i}N(l, 3,4,12;2n + 1)¢" = 2(q)9(¢*)p(4°)(4°)-
From (3.1) and (3.2)_ we deduce that

(e.) e.)
D ON(1,3,4,128n +4)¢" — 4> N(1,3,4,12;2n + 1)g"
n=0 n=0
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= 32¢*(q)(¢*)¥(a")(q") = 32 > ¥(1,3,4,12;n)¢"
n=0

=20 (1,3,4,12;n)¢".

n=0

n+2

Comparing the coefficients of ¢ on both sides we obtain

1
(3.3) t(1,3,4,12:n) = S N(1,3,4,12;8n + 20) — 2N(1,3,4,12;2n 4 5).

Now applying Lemma 3.4 we deduce the result.

4. Formulas for t(1,1,3,4;n), t(1,1,5,5;n), t(1,5,5,5;n),
£(1,3,3,12:n), (1,1,1,12;n), t(1,1,3,12;n) and ¢(1, 3,3, 4;n)
For a,b,c,d,n € N let
No(a,b,c,d;n) = |{(2,y,2,w) € Z" | n = az® + by® + cz* + dw?, 2{ zyzw}|.
From [17, (4.1)] we know that
(4.1) t(a,b,c,d;n) = No(a,b,c, d;8n+a + b+ c+ d).

For n € N following [6] we define
=), =T ()
o =3 a(5) (), P =32(5),

Em)= Y (-7 and Fin)= Y. (-1)7j

(i,j)el\zlzN (i,‘j)AeI\(TizN
2,] O 1,] O
4n=i24-3;2 4n=i%+3;2

Suppose that n = 2%3%n,, where a and /3 are non-negative integers, n; € N and ged(ny,6) =
1. From [6, Theorem 3.1] we know that

A(n) = 2°3%A(n1), B(n) = (—1)‘”520‘(;),4(711),
- O(n) = (~1)°++" 530 A(n;) and D(n) = S’I)A(nl).
Lemma 4.1 ([7, Theorem 7.2]). Let n € N with n =1 (mod 2). Then
N(1,1,3,4:n) = 3A(n) — B(n) + gC(n) - %D(n) + E(n).
Lemma 4.2 ([7, Theorem 7.2]). Let n € N with n =1 (mod 2). Then

N(1,1,4,12:n) = ;A(n) - %B(n) + gC(n) _ %D(n) + %E(n) + gF(n).
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Theorem 4.1. Suppose n € N and 8n+ 9 = 3°n; with 3 fny. Then

#(1,1,3,4;n) = ;(gﬂ“(;’l> - 1) ;d(f’l) - abe%:% (-1)*7 a.
4(8n3r9)£a2j-3b2

Proof. Since

N(1,1,3,4;8n + 9)

= |{(z,y,2z,w) € Z* | 8n+9:x2+y2+3z2+4w2}}

= |{(z,y,2,w) € ZY | 8n+9 =2+ +3(22)% + dw?}|
+|{(z,y, 2, w) € Z* | 8n+9 = 2® + y® + 32% + 4w?, 2 { 2}|

= |{(z,y,2,w) € 74 | 8n+9 = 22 + 4% 4 1222 + 4w?}|
+|{(z,y, 2, w) € Z* | 8n+9 = 2® + y® + 32° + 4w’ 2 zyzw}|

= N(1,1,4,12;8n +9) + No(1,1,3,4;8n + 9)

= N(1,1,4,12;8n +9) + £(1,1,3,4;n),

we have t(1,1,3,4;n) = N(1,1,3,4;8n+9) — N(1,1,4,12;8n4+9). Now applying Lemmas
4.1, 4.2 and (4.2) we deduce the result.

Remark 4.1 Theorem 4.1 was conjectured by the authors in [17].

Lemma 4.3 ([9, Theorem 7.1]). Let n € N and n = 2%5°n; with ny € N and
gcd(ny,10) = 1. Then

2(5°+1 — 3)o(n1) if 2| n,
N(1,1,5,5;n) =< 2

267~ 3o (m) + gc(n) iF21n.

where c(n) is given by

g [T =)0 =" = e(n)g™.
n=1 n=1

We remark that ¢(n) is a multiplicative function (see [15]), and the second author
conjectured in [16] that

p 3
— 12z —11
c(p) = _(g) Z (%) for any prime p > 3.
z=0

Theorem 4.2. Suppose n € N and 2n + 3 = 5°n; with 5 fny. Then
4 541 8
t(1,1,5,5;n) = §(5 —3)o(ny) — gc(2n + 3).
Proof. Note that

N(1,1,5,5;8n + 12)
= }{(az,y,z,w) eZ' | 8n+12=a?+¢y> +52 + 5w2}’
= {(z,y,z,w) € Z" | 8n + 12 = (22)* + (2y)* + 5(22)* + 5(2w)?}|
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+ {(z,y,2,w) € Z' | 8n+12 =2+ 9? + 522 + 5w2,2)(xyzw}‘
= N(1,1,5,5;2n + 3) + No(1, 1,5,5; 8n + 12)
= N(1,1,5,5;2n + 3) + t(1,1,5,5:n),

applying Lemma 4.3 we deduce the result.
Lemma 4.4 ([9, Theorem 6.1]). Let n € N. Then

N(1,5,5,5;n) = Z(—1)”+d((2> n (;;d))d.

dln

Theorem 4.3. Let n € N. Then

H1,5,5,50) = (—1)‘1((3) n (W))d

d|8n+16

-3 (G) + (@)

d|2n+4
Proof. Observe that
N(1,5,5,5; 8n + 16)
= |{(z,y,2,w) € Z' | 8n+16 = 2* + 5y + 52° + 5w2}‘
= [{(z,y,2,w) € Z* | 8n + 16 = (22)* + 5(2y)? + 5(22)* + 5(2w)?}|
+ }{(x,y,z,w) € Z* | 8n+ 16 = 22 + 5y + 52% + 5w?, 2J(:Eyzw}‘
= N(1,5,5,5;2n + 4) + No(1,5,5,5;8n + 16)
= N(1,5,5,5;2n + 4) + (1, 5,5,5;n),

applying Lemma 4.4 we deduce the result.
Lemma 4.5 ([7, Theorem 7.2]). Let n € N with 2{n. Then

N(1,3,3,12:n) = A(n) + B(n) — %C(n) _ %D(n) + F(n)

and
1
N(3,3,4,12;n) = i(A(n) + B(n) — C(n) — D(n) — E(n) + F(n)).
Theorem 4.4. Let n € N and 8n + 19 = 3°n; with ny € N and 3 fny. Then

t(1,3,3,12;n)

1 3 3 1 a—1
— (a8 2\ _ b - 1\ =z _
_2<3 <n1> 1)Zd<d>+2 > (=)= a+ (1)
dini a,beN, a=b=1 (mod 2)
4(8n+19)=a?+3b>
Proof. Observe that
N(1,3,3,12;8n + 19)
= ‘{(x,y,z,w) eZ' | 8n+19 =22 + 3% + 3% + 12w2}|
= ’{(:E,y,z,w) eZ' | 8n+19 = (22)* + 3y* + 322 + 12w2}|
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+|{(z,y, 2, w) € Z* | 8n+19 = 2% + 3y* + 327 + 120w*, 2 2}
= {(z,y,2,w) € Z4 | 8n+19 = 422 + 3y> + 322 + 12w2}‘

+ {(z,y,z,w) € Z4 | 8n+19 = 2% + 3y + 32% + 12w2,2fxyzw}|
= N(4,3,3,12;8n + 19) + No(1,3,3,12; 8n + 19)
= N(3,3,4,12;8n + 19) + (1, 3,3, 12; n),

applying Lemma 4.5 and (4.2) we obtain the result.
Lemma 4.6 ([4, Theorems 1.10 and 1.13]). Let n € N and n = 3°n; with 3{n;.
Forn =1 (mod 4) we have

N(1,1,3,12;n) = 30(n1) +a(n) and N(1,1,12,12;n) = 20(n1) + 2a(n).
Theorem 4.5. Suppose n € N and 8n + 17 = 3°n; with 3 fny. Then
t(1,1,3,12;n) = o(n1) — a(8n + 17).
Proof. Since

N(1,1,3,12;8n + 17)
= ‘{(x,y, zow) € Z | 8n+ 17 = 2% + 9% 4+ 322 + 12w2}‘
= ‘{(Ly, zow) €ZY | 8n +17 =2 +y* 4+ 3(22)* + 12w2}‘
+ H(ﬂs,y?z,w) €7t | 8n—|—17:x2+y2+322+12w2,2+z}|
= H(x,y,z,w) cZ | 8n+17 =2+ 1y* +122° + 12w2}‘
+ {(z,y,z,w) € Z' | 8n+ 17 = 2® + y* + 32 + 1207, 2 { ayzw}|
= N(1,1,12,12;8n + 17) + No(1,1,3,12; 8n + 17)
= N(1,1,12,12:8n + 17) + ¢(1, 1,3, 12; n),

applying Lemma 4.6 we deduce the result.
Lemma 4.7 ([4, Theorems 1.16 and 1.23]). Let n € N and n = 3°n; with 3 { n.
For n =3 (mod 4) we have

N(1,3,3,4;n) = 30(n1) —a(n) and N(3,3,4,4;n) = 20(ny1) — 2a(n).
Theorem 4.6. Suppose n € N and 8n + 11 = 35n; with 34 n1. Then
t(1,3,3,4;n) = o(n1) + a(8n + 11).
Proof. Since

N(1,3,3,4;8n + 11)
= {(z,y,2,w) € Z* | 8n + 11 = 2* + 3y* + 32* + dw?}|
= |{(z,y,2,w) € Z* | 8n+ 11 = (2z)2 + 3y° + 322 +4w2}‘
+ {(z,y, 2,w) ez | 8n+11 :x2+3y2+3z2+4w2,2{x}‘
= |{(z,y,2,w) € Z* | 8n + 11 = 4a? + 32 + 322 —|—4w2}‘
+ |{(Jr,y,z,w) eZ' | 8n+11 :$2+3y2+322+4w2,2fxyzw}‘
= N(3,3,4,4;8n + 11) + No(1,3,3,4;8n + 11)
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= N(3,3,4,4;8n + 11) + ¢(1,3,3,4; n),

applying Lemma 4.7 we derive the result.

Lemma 4.8 ([7, Theorem 7.2]). Let n € N and 2{n. Then
3 1
N(1,1,1,12;n) = 3A(n) — B(n) + iC(n) — §D(n) + 3F(n).

Theorem 4.7. Let n € N and 8n + 15 = 3%ny with ny € N and 3{ny. Then

1 3 3 b—1
1,1,1,12;n) = 7( ﬁ“(f) 1) (f) 1)
#( n)=5(3 )t C;d S)+3 bEZN:% (—1)2 b
ni a, )
4(8n+15)=a>+3b>

Proof. Since 8n+ 15 = 22 + y2 + 22 + 12w? for z,y, z, w € Z implies that 2 { zyzw, we

see that

t(1,1,1,12;n) = No(1,1,1,12;8n + 15) = N(1,1,1,12; 8n + 15).

Now the result follows from Lemma 4.8 and (4.2).
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