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Congruences for Catalan-Larcombe-French numbers

By XIAO-JUAN JI (Suzhou) and ZHI-HONG SUN (Huaian)

Abstract

Let {P,} be the Catalan-Larcombe-French numbers given by Py = 1, P; = 8 and
n?P, =8(3n?—-3n+1)P,_1—128(n—1)2P,_5 (n > 2), and let S,, = P,,/2". In this paper
we deduce congruences for Sy, Spp+1 (mod %), Smpr—1 (mod p") and Sppr41 (mod P2,
where p is an odd prime and m, n,r are positive integers.
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1. Introduction
Let {P,} be the sequence given by
(11) Pp=1, P,=8 and (n+1)2P, 1 =80Bn>+3n+1)P, —128n%P,_; (n > 1).

The numbers P, are called Catalan-Larcombe-French numbers since Catalan first defined
P, in [C], and in [LF1] Larcombe and French proved that

[n/2] o — N2 [ — ke n (2k\2 22:% 2
(12) p=r () (" ):Z(k) Ez) L)

k=0 k=0

where [z] is the greatest integer not exceeding x. The numbers P, occur in the theory
of elliptic integrals, and are related to the arithmetic-geometric-mean. See [LF1]| and
A053175 in Sloane’s database “The On-Line Encyclopedia of Integer Sequences”.

Let {S,} be defined by

(1.3) So=1, S1=4 and (n+1)2S,11 =4Bn>+3n+1)S, —32n2S,_1 (n > 1).

Comparing (1.3) with (1.1), we see that
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In 2009, Zagier|Z] noted that
[n/2] 2
_ 2k n n—2k
s s 8 ()

In this paper we investigate the properties of S, instead of P, since S,, is an Apéry-like
sequence. As observed by V. Jovovic in 2003 (see [LF2]),

= (n\ (2k\ (2n — 2k
(1.6) S"_Z<k)<k><n—k> (n=0,1,2,...).
k=0
Recently Z.W. Sun stated that (see A053175 in Sloane’s database OEILS)

a - (1) (G0 (e

k=0

The first few values of \S,, are shown below:

So=1, 51 =4, S55=20, 53 =112, S4 =676, S5 = 4304,
Se = 28496, S7 = 194240, Sg = 1353508, Sg = 9593104.

Let p be an odd prime. In [JLF], Jarvis, Larcombe and French proved that if n =
arp” + -+ a1p + ap with ap,a1,...,a, € {0,1,...,p — 1}, then

(1.8) P,=P, - P, P, (modp).

In [JV] Jarvis and Verrill showed that

(1.9) Py=(—1)"7128"P,_1_, (modp) for n=0,1,...,p—1
and
(1.10) Pppr = Ppyr—1 (mod p")  for m,r € Z",

where Z* is the set of positive integers. In [OS] Osburn and Sahu stated that

(1.11) Smpr = S

pr—1 (mod p*) for m,r € ZT.

For a prime p let Z;, denote the set of those rational numbers whose denominator is
not divisible by p. Let p be an odd prime, n € Z, and n # 0,—16 (mod p). In [S2] the
second author proved that

(112) pz_i <2k> Sk <n(n;- 16)> p—1 (Qkk)Q(;UIz) o 1)

k 2k
2\ k ) (n+16) —

where (%) is the Legendre symbol.
Let {E,} be the Euler numbers given by

"L /2
Epp1=0, Eg=1 and < ”>E2k =0 (n>1).
k=0



Suppose that p > 3 is a prime, n € Z* and p { n. In this paper we show that
(1.13) Sup = Sn + 81n2S,_1(—1)"7 p2E,_5 (mod p?).
We also determine Sy,+1 (mod p?) and show that for m,r € ZT,

(1.14)
Smpr41 = 4(mp” +1)8S,,,,-1 (mod p*") and Sppr_1 = (—1)]%1Smp7»71,1 (mod p").

Throughout this paper, ord,n is the unique nonnegative integer a such that p® | n
and p*t! {n.

2. Basic lemmas

Lemma 2.1 (Lucas theorem [M]). Let p be an odd prime. Suppose a = a,p" + -+ +
a1p+ag and b = byp" +---+bip+ by, where ay, ..., a9,by,...,bp € {0,1,...,p—1}. Then

() =) () moan.

Lucas theorem is often formulated as follows.
Lemma 2.2 ([M]). Let p be an odd prime and a,b € Z*. Suppose ag,bo € {0,1,...,p—

1}. Then
(i) = ) G) woan

Lemma 2.3 (Ljunggren’s congruence [M, (22)]). Let p > 5 be a prime and

m,n € Z*. Then
<mp> = <m) (mod p?).
np n

Lemma 2.4 ([Su, Lemma 2.1]). Let p be an odd prime and k € {1,2,...,p — 1}.

Then % »
<2k> <2(p B k’)) —? (mod p2) if k < 5,
k p—Fk (mod p?) sz'>g
Let {B,} be the Bernoulli numbers defined by By = 1 and >}, ())Br =0 (n>2).

It is known that Bgjyq = 0 for k € Z*. For m,n € Z* it is well known that

=~/

n—1 1 m—+1 m+ 1
2.1 = B, 1"
(2.1) kZ:O 1 2 < f ) mt1—kT

By the Staudt-Clausen theorem, By € Zj, for 2k # 0 (mod p — 1), and pBy, € Z), for
2k =0 (mod p —1). See [MOS].
Let {E,(z)} be the Euler polynomials given by

n

En(z) = 2% 3 (Z) (22 — 1" B

k=0



Then E,, = 2"E,(1). It is known that (see [MOS])

Lemma 2.5 ([S1, Lemma 2.2]). Let p be an odd prime, a € Z,, a # 0 (mod p) and
ke{l,2,...,p—2}. Then

—

a)p (_1)7~ B (2p—k _ 1)Bp—k N
rk p—k

(~D)“ B, 1 _(~a) (mod p),

Il
—
N =

s

where (a), € {0,1,...,p— 1} is given by a = (a), (mod p).
Lemma 2.6. Let p be an odd prime, k,m € Z+ and g <k <p. Then

(o) =m0 (5) ot

(2m+ p(2m+1Dp—1)---((m+1)p+1)(m+1)p

Proof. Clearly

(mp)!
_(@m+)p)@2mp) - (m+ )p) [ rp+1) - (rp+p—1)
p-(2p)---(mp) [ (rp+1) - (rp+p—1)

2m> L2 rp+ 1) (rp+p— 1)
[ rp+ 1) (rp+p— 1)

(
=p(2m + 1) (2m> P=D™ om 1) <27ZL) (mod p?).

m ) (p—1)Im
Thus
2mp + 2k
( mp + k >
_ Cm+Dp(@m+1p—1)---((m+p+1)(m+1)p
(mp)!

(2mp +2k) - (2mp+p+1)((m+1p—1) - (m+1)p— (p— 1 — k))
(mp +1) - (mp + k)
Ep(2m—|—1)(27zb> 2K)2k—-1)---(p+Dp—-D(pP—-2)---(k+1)

i
— 2m+1) (27;’?) (%f) (mod p?).

This proves the lemma.

X

Lemma 2.7. For any positive integer n we have

=23 (o) (D)



Proof. Since we have, replacing k by n — k for the first equality,

B0 ()() (372 S0

k=0 k=0

- n\ [2k\ (2n — 2k
= — 2k —
S (3) (5) (o))
we see that

(2.2) i(% —n) (Z) <2:> (22 - i") =0

and so from (1.6)

=2 () () ) -2 2 (o) () 05

This yields the result.
Lemma 2.8. Let m € Z and k,n,p € Z*. Then

(mp;— 1) — (—1)F T3] <mp[;/;]_ 1) ﬁ1 (1 - mZp )

1=
pti
and .
1\ M-
mp" _ 1 n(p—1) mp” N\ T 1 mp"
=(-1) H _
np n : i
=1
pti
Proof. Clearly,
k . k . [k/pl ,
mp” — 1\ mp” —i mp" — 1 mp" — pi
(") I I
=1 =1 =1
pfi
_ ﬁ mp" — 1 [ﬁ] mp"t —i
- i i
=1 =1
pti
k—[k] i mp" mp™ ! —1
= (="t (1_ - )< >’
g i [k/p]
oti
establishing the first identity. Taking k = np — 1 in the above we see that
_ _ -1
mp"\ _ mp” (mp" —1Y\ _ mp" Lmpr Tt =1\ (—1)=1=(=D) nlp—[ (1 B mpr>'
np np \ np—1 n n—1 pale 1
pli

This yields the second identity.



Lemma 2.9 ([SD, proof of Lemma 3.2]). Let m,n € Z*.Then

@7:) - <TZ> (1+9mn® — 9m?n)  (mod 27).

Lemma 2.10. Let p be an odd prime, r,m € Z+ and s € {0,1,...,mp"~'}. Then

()=

Proof. Clearly the result is true for s = 0. Now we assume s > 1. By Lemma 2.8,

()= (VT 02 (7)o B

Let o(n) be the Euler’s totient function. Set | = ord,s and s = p'sq. Since B; = —1

27
Basi1 =0 (s> 1), pBy € Z, and p(p'*') > 1 + 2 we see that

Spl sp—1 sp—1
SEEDNCAE WS
p’ﬂ p’ﬂ

p(p'th) o(p+) o
z+1 > ( > (sop" )Y Byginy—;

(2.3) 7=l
e'*)/2 I+1
1)1 1 e(p™) 14+1425
:(Soplﬂ)“p(p 1+ — < . >(80p )Y B i1y _a;
pP) o 2j
(P12 I+1
S i—
Ep—01 Z <80(1;j ))(Solerl)Z] 1-2?B<p(pl+1)_2j =0 (mod pz+1).

j=1

Ifl>r—1,thenr+1+ 12> 2r and so

(ng> - <mp;_1) (1 —mp' sz:l ) = ( T_l> (mod p*").

If 0 <l<r—1,then (mpsril) =t (mptl_l) =0 (mod p"~17!) and so

mp" _ mpr—l I mpr—l SPX:_llz mpr—l (mOd 27")
sp ) s b s — i s P

(2

pli

This completes the proof.
Lemma 2.11. Let p be an odd prime, r,m € Z* and s € {0,1,...,mp"~'}. Then

(")) o =30)



<m> (25> <2(m . S)> (149m) (mod p™*?) ifr=1andp=3,

_ § S m—Ss
= r—1 2 2 r—1 _
<mp8 )(;)( %2_1_88)> (mod p™*2) ifr>1orp>3.

Proof. Clearly the result is true for s = 0. Now we assume s > 1. For r = 1 the
r—1
result follows from Lemmas 2.3 and 2.9. Now assume r > 2. If p { s, then ("7, ) =

r—1

mp (mp’"‘lfl) =0 (mod p"~!). By Lemmas 2.3 and 2.9,

s s—1
2sp\ (2(mp"~t — s)p _ 25\ (2(mp"~t — s) (mod p?).
sp (mpr—1 — s)p s mp"—! — s
Thus the result is true when p { s. Now assume that p | s, | = ordp,s and s = p'so. For
1<l <r—1, using Lemma 2.10 we see that

(o) o =30) = () Coa ™) ot

Since (mp;_l) = %(ml’gj_l) =0 (mod p" ' Handr—1—14+20+2=r+1+1>7r+2
the result is true in this case. For [ > r — 1 we see that p" | sp and p" | (mp s)p.

Thus applying Lemma 2.10 we deduce that

2 (2mp ! =)\ _ (28 (20m =)o
sp )\ (mp™~! —s)p s )\ mp~l—s
As 2r > r + 2, the result is again true. The proof is now complete.
Lemma 2.12. Let p be an odd prime, m,r € ZT and k € {0,1,...,mp"}. Then

)0

mp” — k

r—1

Proof. Clearly the result is true for ¥ = 0. Now we suppose k > 1. Suppose s = [%]

and t = k — sp. Then t € {0,1,...,p—1}. We first assume p { k. That is, t > 0. Let us
consider the case r = 1. By Lemma 2.2, for 1 <t < g,

(e )~

_ (2k\ [2(m—s) =1\ (p—2t\
= () G560 o e
and for ¢t > &,

) )2 )
(25;r 1) <2t . p> <2(mﬂ?_:)> =0 (mod p).

Thus the result is true for r = 1.



Now assume p 1 k and r > 2. Suppose that for n < r and k € {1,2,...,mp" — 1} we

have (2:> <2(7771n]i"_—:)> =0 (mod p").

When p | s, by the inductive hypothesis we have

25\ [2mp" ! — 25 — 2 _
B -
s+1 25+2> <2mp”_1—25—2

:72 7’71_2 _1
(2mp ° )p<s+1 mpr—t —s—1

225 1 1) > =0 (mod p").

When p 1 s, by the inductive hypothesis we obtain
2s 2mpr’1 —2s5s—2 1
2mp" T — 25 —1
Gy e

r—1 r—1
mp' T —s (2s\ (2mp"T" —2s\ _ .
:2p<s>< o ):0 (mod p").

Suppose k € {1,2,...,mp" — 1}. For t < p , from the above we see that

2K\ (2(mp" —k)\ _ [(2sp+2t 2mp ™t —2s—1)p+p—2t
k mp"—k )\ sp+t (mpr—t—s—1)p+p—t

2s\ (2mp"! — 25 — 2
= ( s> ( mp s )(Qmpr_l —2s—1)pQ =0 (mod p"),
s

mp'—t —s—1

and for t > &,
2k\ (2(mp” —k)\ _ [((2s+1)p+2t—p\ [((2mp" ' — 25— 2)p+2p— 2t
k mpt —k ) sp+t (mpr—l —s—1)p+p—t

=-o(*) (> ‘28‘2)<2mp7"—1—zs—1>p

mpr—t —s—1

=0 (modp"),
where
2sp+2t  2(mp"—sp—t) sp+t  mp"—sp—t
o=y i X i (Z > ez
ph p)[z p)[z p{’z

Hence the result is true for n = r. Summarizing the above we have proved the result in

the case p 1 k.
Now we assume p | k. Set [ = ord,k and k = p'kg. Then ko € {1,...,mp"~! — 1} and

p 1 ko. For I > r obviously we have k:(%f) (2(;1”5__:)) =0 (mod p"). For 1 <[ <r—1, since
p 1 ko, from the above we deduce that

2k\ (2(mp" — k) (2K (2mp" ! — 2kq
k = = dp”
(k) < mp" — k ) Wp ko mp™—t — ko 0 (mod p"),

where W € Z,. The proof is now complete.



Lemma 2.13. Let p be an odd prime, r,m € Z+ and s € {0,1,...,mp" =t —1}. Then

2sp+p—1\ [2(mp" L —s—1)p+p—1 25\ [(2(mp"~t —s5—1) .,
. 4 )= ) (mod p").
sp+ L5 (mpr=t —s—1)p+ 5= s mpr—1l —s—1
Proof. For n € ZT and k € {0,1,...,n — 1} it is easily seen that

Coy (N @)k + 10120 — 2k — 2 (n — 1)1 2(2k+ 1) (2k)1(2n — 2 — 2k)!

o e I e e 5 I ) K2 (n —1— k)1
Hence,
%\ (2n—1—k))  n (Y
(2.4) (k:>< n—1—k >_2(2k+1) (gzﬁ) '

Using Lemma 2.8 and (2.4) we see that

<2sp+p—1>< 2mp"t —s—1)p+p—1 )
sp+ 252 ) \(mp—t —s—1)p+(p—1)/2

i () () e ()

- o 2mpr71 mprfl 1 2 ”ﬁ 2mpr _ i5P+(1P_[1)/2 (mpr o 1)2
- mp mp"—L s . i . i
=1 =1
ol li
_ 2sp+p .
2mp” L1 2mp” — iy 1
x {2025 +1 7}
{ (25 + )< 2s+1 ) 11:11 {
i
_(2s 2(mp"1 —s5—1) ﬁ 2mp" — z'8p+(lp—r)/2 (mpT — i)2/2ﬁp 2mp" — i
s mpr—t—-s5s—-1 ) i . i . i
=1 =1 =1
ol li ol

(%) (2(mpr1 —s5— 1)) (—1)mP" =) (1)@ (=D

s mp'—t —s5—1
25\ [2(mp" 1 —s5—1)
(s)(mpr—l—s—l (mod p"),
proving the result.
Lemma 2.14. Let p be an odd prime, r,m € Z+ and s € {0,1,...,mp"~'}. Then

mp"\ (2sp\ [2mp" — 2sp mp"™ 1\ [(2s\ [2mp" ! — 2s o
= ) (mod p*").
sp Sp mp" — sp S S mprTt — s

Proof. Clearly the result is true for s = 0. Now we assume s > 1. Set | = ord,s and



s = plsg. By (2.3), (2.4), Lemmas 2.8 and 2.10, we have

Co) Crpr ) _ 17 2myp” — 2mp
(23) (2mp7*1—28) - H 7 /H
s mp"—l—s i=1
pti ph ph

23p

E(—Qmprgi+1)<—2mp7’§1+1>/<—2mp Z —i—l)
. v

=1 (mod pr—&—min{l—&—l,r}).

Ifi>r—1,thenr+10{4+12>2r and so
mp"\ (2sp\ [2mp" — 2sp mp" 1 (2s\ [2mp" ! — 2s 9
= (mod p=").
sp sp mp" — sp S s mp"—! — s
If0<Il<r—1,then (mpgil) =0 (mod p"~'7%) and so
mp"\ (2sp\ [2mp" — 2sp mp" 1\ [(2s\ [2mp" ! — 25 o
. = . (mod p*").
Sp sp mp" — sp S S mp -5

Now the proof is complete.

3. Main results
Theorem 3.1. Let p be an odd prime and n € Z*. Then

8n2Sn,1(—1)p2;1p2Ep,3 (mod p®) ifp>3 and pin,
Spp—Sn =1 9(n—1)S, (mod p?) ifp=3 and 3tn,
0 (mod p3+0rdpn) pr ‘ n

Proof. Set r = ord,(np). Then
=2 (1) (4) =)
p—1n—1
- () 2o (L) Cr Ol

If p>3orif p=3and 3| n, using Lemmas 2.3, 2.10 and 2.11 we see that (Zg) = (Z)
(mod p'*2) and (7) (*7) (2("_S)p) = (M (*) (2(”75)) (mod p"*+2). Thus,

sp/\ (n—s)p s n—s
2 () (G0
L) =R O = worr

S=

10



Hence

Snp — Sn

1n—1
:pz:z <n—l)p+p—1><2sp+2t><2(n—1—s)p+2(p—t)> (mod p+?)
_tl “sptt sp+t—1 sp+t (n—1—s)p+p—t )

Fort€{1,2,...7%} we have £ < p —t < p. By Lemma 2.6,

(2(n —1-s)p+2(p— t)) —On—1-s)+ 1)<2(n —-1- 8)) <2(p - t)) (mod p?).

mn—1—-s)p+p—t n—1—s p—t

By Lemma 2.2, (inﬁt) = (25) (Qtt) (mod p). Thus, applying Lemma 2.4 we see that

<25p + 2t> <52(n —1—3s)p+2(p— t)>
sp+t mn—1—s)p+p—t
= () (¥)em-1-0 (01 (07

= _(2n—-1-s)+1) (28> (2(” - 3)> 2 (mod p?).

s n—1—s t

Forte{:‘%l,...,p—l} we have 1 <p —t < £. By Lemma 2.6,

2sp + 2t 2s\ (2t 9
= (2 1 d p7).
(o) =z (G)() oo
By Lemma 2.2,

(L) ()
Thus, applying Lemma 2.4 we get
ety vy
()

(25 +1) <25> (2(” —1- 3)> %p (mod p).

s n—1—s

Snp — Sn
(p—1)/2n-1

np ((n—1)p+p—1\[2sp+2t\ [2(n—1—=s)p+2(p—1)
— = Osp+t sp+t—1 sp+t m—1—s)p+p—t

N p-1 (n_1)p+p—1)<2sp+2t>(2(n—1—s)p+2(p—t)>

_(pr1)/2 520 p—i—t sp+t—1 sp+t (n—1-—s)p+p—t

11



R (v e ()P

oS S e () (U

S O [ e G

t=1 s=
p—1 n—1
np(n—1\/p—1 2s\ (2(n—1—15s) 2p
* t( s ><t—1>(28+1)<s)<n—1—3 t
t=(p+1)/2 s=0
n—1 (p—1)/2 ¢
o 2 L n—1\(2s\ [(2(n—1-5) (-1)
= 2np 8:0(2(71 1 S)+1)< . ><s>< n 1 2 2

S S () () () £

5=0 t=(p+1)/2
n—1
2 n—1)/(2s\[2(n—1-5)
= 2np ;}(28-}-1)( . )<5><n—1—s
(p—1)/2 ¢ p—1 t
-1 -1 :
X ( (t2) — Z (tZ) ) (mod p"?).
t=1 t=(p+1)/2
By Lemma 2.7,

2(2s+1< >< ><2(:—_11—_ss>
BT
. 1+2n_1§<zjf)( ()
= n1+(n—1)52_1 Sn-1-

Note that B,_2 = 0 for p > 3 and E», = 22”E2n(%). From Lemma 2.5 we see that

(pzl%/Q (—1)* _ { %(—1)197_1 p_3(%> = 2(—1)% p—3 (modp) ifp>3,
k=1 L (mod p) ifp=3.
Thus,
(p—1)/2 k p—1 k (p— 1)/2 k (p—1)/2 _k (p— 1)/2 k
Y =
k=1 k=(p+1)/2 k=1 k=1 k=1
_ {4( 1);1Ep 3 (mod p) ifp> 3,
1 (mod p) iftp=3.

12



1

Now from the above we deduce that S, — S, = 2np? - nSy_1 -4(—1)%Ep_3 (mod p"t2).
This yields the result in this case.
Now assume 3 { n. By Lemmas 2.9 and 2.11,

@Z) = (:) (1+9ns® = 9s) (mod 27),

and
I - (It
= <Z> (288) (2(7;”‘:85)) (1491 + 9ns? — 9s)  (mod 27).
Thus
£ (2)(S)(6o ) mromermr-a(YE) ) i
and so

3

t=1 s=0

+9n5’n+9§(7132—3)<2)< )( :—_ss

= 20508, 1(=5/4) + 908, + 93 (ns? — ) <Z> <258> <2Sj—_ sS)>

s=0

= 9nS, — 9Sp_1 +9 Zn:(nSQ — ) <Z> (2;) (25;1:85)) (mod 27).

s=0

:i“ 3n (3(n—1)+3—1\[6s+2t\ (6(n—1—s)+2(3—1t)
a s+t 3s+t—1 3s+t 3n—1—-s5)+3—1t

By (1.3), for n =2 (mod 3) we have

Sp+Sn_1=40Bn(n+1)+1)S, — 32n%S, 1 = (n+1)2S,11 =0 (mod 3),
for n =1 (mod 3) we have

Sy — Sn_1 =128, —4(3n(n — 1) +1)S,_1 = —32(n — 1)2S,_2 =0 (mod 3).
Thus,

(3.1) S, = (g)sn_l (mod 3) for n#0 (mod 3).

Applying (3.1) and (2.2) we have

San — Sp = 9(nSy — Sn_1) +9 Zn:(ns? ) (Z) (283) (2(:__38))

s=0

13



Il
©

w0 () GED)
3 (o -2+ 22 () (1) (1))

onS s(s— 1) (”) (25) (2(” N 8)) + %(712_1)5” (mod 27).

S S n—s
s=0

|
©

M= 11+

Il
3 ©

If s = 3k + 2 for some nonnegative integer k, using Lemma 2.2 we find that (238) =
(3(2§:j%+1) = (%,jl) (%) =0 (mod 3). Thus, 3| s(s — 1)(283) for any nonnegative integer

s. Hence, from the above we deduce that

In(n—1)
2

S3n — Sy, S, =9(n—n?)S,=9(n—1)S, (mod 27).

This completes the proof.
Corollary 3.1. Let p > 3 be a prime. Then

-1
Sp=4+ 8(—1)pr2Ep,3 (mod p?),
-1
Sop =20+ 128(—1)"7 p’E,_3 (mod p?),
Ssp = 112+ 1440(—1) "= p?E,_3 (mod p®).

Remark 3.1. Let p be an odd prime and m,r € Z™*. Since

r—1
g sz mp"\ (2sp\ [2mp" — 2sp
e sp sp mp" — sp

s=0
mp"—1-1p—1 r »
n Z mp 2sp 4+ 2t\ (2mp" — 2sp — 2t
= \sptt sp+t mp" —sp—t )’

applying Lemmas 2.12 and 2.14 we obtain

mp” ! r—1 r—1
. mp 28\ (2mp"T" —2s\ o
Spr = g ( . > <s> < e > = Sppr—1 (mod p=).

s=0

This proves (1.11).
Lemma 3.1. Let n € Z*. Then

Spi1=4(n+1)S, (mod n?).
Proof. By (1.3),
(n+1)2S,41 = 4(3n(n +1) +1)S, — 32nS,,_1.

Thus,
(142n)Sps1 = (n+ 128,41 =4(3n +1)S, (mod n?)

and so

4(1+ 3n)

= _ — 2
T+ on Sp =4(1+3n)(1 —2n)S, =4(1+n)S, (mod n?)

Sn+1 =
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as asserted.
Theorem 3.2. Let p be an odd prime, and m,r € Z+. Then

Smpr+1 = 4(mp" +1)S,,,»1 (mod ).
Proof. As ordp(mzp%) > 2r, from Lemma 3.1 and Remark 3.1 we see that

Smpr+1 = 4(mp” + 1)Sppr = 4(mp” +1)Sppr—1 (mod p*").

This completes the proof.
Theorem 3.3. Let p be an odd prime and m,r € Z™. Then

p—1

Smpr—1 = (1) 2 Spr-1_1  (mod p").
Proof. It is clear that

11 p—1

g B mpTZ: Z 2sp+2t\ (mp" — 1\ (2(mp" — 1 — sp —t)
mpr=1 = g — sp+t sp+t mp" —1—sp—t
t#(p—1)/2
r—1__ —
0 S At [t | G
— sp—l—% sp—l—% mpr—l—sp—% '

Using Lemma 2.8 we see that

(") = (" e mod

For t # % applying Lemma 2.12 we obtain

2sp +2t\ [2(mp" — 1 — sp —t)
sp+t mp" —1—sp—1t
B (231) + 2t> <2(mp’" — sp— t)) (mp" — sp — t)?
a (

sp+t mp" —sp—t 2mp” — 1 — 2sp — 2t)2(mp” — sp — t)
2 2t\ (2 " —sp—t t

sp + (mp" —sp—1t)\ sp + 0 (mod p').
sp+t mp" —sp—t 2(2sp+2t+1)

For t = % using Lemma 2.13 we deduce that

mp” 11

s T8 () (7 ()

p—1

=(=1)2 S,pr-1_1 (mod p").

-

So the theorem is proved.
Corollary 3.2. Let p be an odd prime and m,r € Z". Then

p—1

Prpr—1=(-1)"2 Pppr-1_1 (mod p").

Proof. From Theorem 3.3, Euler’s Theorem and the fact P, = 2"5,, we obtain the
result.
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Theorem 3.4. Let p be an odd prime and n € Z+. Then
g _ (44 12n — 9n?)S,, (mod p?) ifp=3,
= {4(np +1)8, + 32n28,_1(~1)"T (Ep_s — )p?> (mod p®) if p > 3.
Proof. By (1.3),
(np +1)2S,p41 = 4(3np(np + 1) +1)S,, — 32n*p*Spp1.

Thus, applying Theorems 3.1 and 3.3 we see that for p > 3,

(np + 1)2Spp1 = 43075 + 3np + 1)(Su + 8n2S,_1(~1)"7 p*Eps) — 320%p*(—1)"7 S,y
P

P

= 4(3n%*p? + 3np + 1)S,, + 32n23n,1(71)%1(Ep,3 —1)p* (mod p?),
and for p = 3,
(3n+1)2S3,41 = 4(9n(3n + 1) + 1)S3, — 32n2 - 9S3,_1

(3.2) =4(9n+1)(1 —9In(n —1))S, — In*S,
=4(1 - 9n(n+1))S, —9nS,_1 (mod 27).

1 (n*p? —np+1)?

2.2 2 _ o 2 2 3
= np* —np+ 1) =3n“p —2np+1 (mod ,
(p 172 () 1) (n“p* —np +1) p p (mod p”)

from the above we deduce that for p > 3,

p—1

4(3n%p? 4+ 3np + 1)S, + 32028, _1(-1) 2 (E,_3 — 1)p?

(np+1)2
A(S, + 3npS + n2p2(3Sn + 8Sn_1(—1)"7 (Ep_3 — 1)))(3n%p* — 2np + 1)
A(np +1)S, + 32n28,_1(—1)"T (Ep_s — 1)p*> (mod p°).

Snp+1 =

Now assume p = 3. If 3 | n, from (3.2) and (3.3) we deduce that

45,
S GniiE = 4(1 —6n)S, = (4 +12n — 9n?)S,, (mod 27).

If 31 n, then S, 1 = (5)S, (mod 3) by (3.1). Hence, from (3.2) and (3.3) we deduce that

45, —9In((n+1)S, + nSp—1) _ 4Sn —9(n+1+(5))S,
(3n +1)? (3n+1)?
=(4-92n+41))S,(1 —6n) = (12n — 5)S, = (4 + 12n — 9n?)S, (mod 27).

Sant+1 =

Summarizing the above proves the theorem.
Corollary 3.3. Let p > 3 be a prime. Then

Spi1 = 16+ 16p + 32(—1)"F (Ep_s — 1)p* (mod pP).

Proof. Taking n = 1 in Theorem 3.4 we obtain the result.

16



References

[C] E. Catalan, Sur les nombres de Segner, Rend. Circ. Mat. Palermo 1(1887), 190-201.

[JLF] A.F. Jarvis, P.J. Larcombe and D.R. French, On small prime divisibility of the
Catalan-Larcombe-French sequence, Indian J. Math. 47 (2005), 159-181.

[JV] F. Jarvis and H.A. Verrill, Supercongruences for the Catalan-Larcombe-French num-
bers, Ramanujan J. 22(2010), 171-186.

[LF1] P.J. Larcombe and D.R. French, On the other Catalan numbers: a historical for-
mulation re-ezamined, Congr. Numer. 143(2000), 33-64.

[LF2] P.J. Larcombe and D.R. French, A new generating function for the Catalan-
Larcombe-French sequence: proof of a result by Jovovic, Congressus Numerantium,
166 (2004), 161-172.

[MOS] W. Magnus, F. Oberhettinger and R.P. Soni, Formulas and Theorems for the
Special Functions of Mathematical Physics (3rd edn.), Springer, New York, 1966,
pp.25-32.

[M] R. Mestrovié¢, Lucas’ theorem: its generalizations, extensions and applications (1878-
2014 ), arXiv:1409.3820.

[OS] R. Osburn and B. Sahu, A supercongruence for generalized Domb numbers, Funct.
Approx. Comment. Math. 48(2013), part 1, 29-36.

[S1] Z.H. Sun, Supercongruences involving Euler polynomials, Proc. Amer. Math. Soc.
144(2016), 3295-3308.

[S2] Z.H. Sun, Identities and congruences for Catalan-Larcombe-French numbers, Int. J.
Number Theory 13(2017), 835-851.

[Su] Z.W. Sun, Super congruences and Euler numbers, Sci. China Math. 54(2011), 2509-
2535.

[SD] Z.W. Sun and D.M. Davis, Combinatorial congruences modulo prime powers, Trans.
Amer. Math. Soc. 359 (2007), 5525-5553.

[Z] D. Zagier, Integral solutions of Apéry-like recurrence equations, In Groups and Sym-
metries: From the Neolithic Scots to John McKay, CRM Proceedings and Lecture
Notes, Vol. 47 (2009), American Mathematical Society, Providence, RI, 349-366.

XTAO-JUAN JI

School of Mathematical Sciences
Soochow University

Suzhou, Jiangsu 215006, P.R. China

E-mail: xiaojuanji2014@Q163.com

17



ZHI-HONG SUN

School of Mathematical Sciences
Huaiyin Normal University

Huaian, Jiangsu 223300, P.R. China

E-mail: zhsun@hytc.edu.cn
URL: http://www.hytc.edu.cn/xsjl/szh

(Received January 20, 2016; revised July 12, 2016)

18



