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Congruences involving binomial coefficients and Apéry-like numbers

Zhi-Hong Sun

Abstract
For n = 0,1,2,... let W,, = ,[Cn:/[?] (%f) (315) (37.)(—=3)" 3%, where [z] is the greatest
integer not exceeding x. Then {W,} is an Apéry-like sequence. In this paper we de-

duce many congruences involving {W,,}, in particular we determine ZZ;é (Qkk ) % (mod p)

for m = —640332, —5292, —972, —108, —44, —27, —12, 8, 54, 243 by using binary quadratic
forms, where p > 3 is a prime. We also prove several congruences for generalized Apéry-like
numbers, and pose 29 challenging conjectures on congruences involving binomial coeffi-
cients and Apéry-like numbers.

MSC: Primary 11A07, Secondary 11A15,11B50,11B65,11B68,11E25,33C45,65Q30
Keywords: Apéry-like numbers; binomial coefficients; congruence; binary quadratic form;
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1. Introduction

For s > 1 let ¢(s) = >.°°, L. In 1979, in order to prove ((2) and ((3) are irrational,

n=1 ns

Apéry [4] introduced the Apéry numbers {A,,} and {A]} given by

W= (1) () =2 () (1)

It is well known (see [7]) that

(n+1)2A,11 = 2n+ 1)1+ 1) +5)A, —n*A,1  (n>1),
(n+1)%AL ., = (1ln(n+1) +3)A, +n*Al,_; (n>1).

Let Z and Z™ be the set of integers and the set of positive integers, respectively. The
first kind of Apéry-like numbers {u,} satisfies

(1.1) wp=1, uy = b, (n+1)3up1 = 2n+1)(an(n+ 1) + bu, — cnu,_; (n>1),

where a,b,c € Z and ¢ # 0. Let [z] be the greatest integer not exceeding x, and let
n 2 n 2 2
n 2k\ [(2n — 2k n 2k

=3 () (D)) ==X () ()

k=0 k=0
[n/3]

B 2k\ (3k\ (n\ /n+Ek n—3k
=3 () () G (e

Then {A,}, {D,}, {b,} and {T,} are the first kind of Apéry-like numbers with (a, b, c) =
(17,5,1),(10,4,64), (—7,—3,81), (12,4, 16), respectively. The numbers {D,} are called
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Domb numbers, and {b,} are called Almkvist-Zudilin numbers. For {4,}, {D,}, {b.}
and {7, } see A005259, A002895, A125143 and A290575 in Sloane’s database “The On-
Line Encyclopedia of Integer Sequences” [40]. For the congruences involving T, see the
author’s recent paper [33].

In 2009, Zagier [41] studied the second kind of Apéry-like numbers {u,} given by

1.2 ug =1, u3 =b and n—l—lzun 1= (an(n+1 —|—bun—cn2un_1 n>1),
_|_

where a,b,c € Z and ¢ # 0. Let

=550 C)
Sﬁ%@k)( S (G
O
W= 2, - (2:> () () o

In [41] Zagier stated that {AL}, {fn}, {Sn}, {an}, {Qn} and {W,,} are the second kind of
Apéry-like sequences with (a, b, c) = (11,3, -1), (7,2, —8), (12,4, 32), (10, 3,9), (=17, —6,72),
(=9, —3,27), respectively. The sequence {f,} is called Franel numbers. In [14,31,32] the
author systematically investigated identities and congruences for sums involving .S,, or
fn For {ALY}, {fn}, {Sn}, {an}, {@Qn} and {W,}, see A005258, A000172, A081085,
A002893, A093388 and A291898 in Sloane’s database [40].

Apéry-like numbers have fascinating properties and they are concerned with Picard-
Fuchs differential equation, modular forms, hypergeometric series, elliptic curves, series for
%, supercongruences, binary quadratic forms, combinatorial identities, Bernoulli numbers
and Euler numbers. See typical papers [1,2,3,6,8,9,10,11,13,17,18,21,30,35,36,39].

For a € Z and given odd prime p let (%) be the Legendre symbol. For a prime p let
Z,, be the set of rational numbers whose denominator is not divisible by p. For positive
integers a,b and n, if n = ax? + by? for some integers = and y, we briefly write that
n = ax? + by?.

In Section 2 we obtain some congruences for sums involving W,,. From [9, (6.4)] we
know that

> 2k\ (1 + 9z + 27z?)
k _

(13) (kz_owkx ) 1-— 271:2 Z < ) ( (1 —2722)2 ) Wi
We prove the p—analogue of (1.3):

p—1 9 Pl 2

2k\ /x(1+ 92 + 27x°)\F

(1.4) (Zkak) =2 (k ) ( (1 2722)2 ) Wi (mod p),

k=0 k=0

where p > 3 is a prime, x € Z, and (z + 3)(1 + 9z + 272%)(1 + 92) (1 + 2722)(1 — 272?) #
0 (mod p).




Suppose that p > 3 is a prime, n € Z, and n(n — 12) # 0 (mod p). In Section 2, we
show that

) pi <2:> (n = oy = (5 o )pi n3k) 5 (o .

k=0 =0

As consequences, we determine ) F_ (2kk) —£ (mod p) for m = —640332, —5292, —972, —108,
—44,—27, 8,54, 243 by using binary quadratic forms. We also determine Wp 1 Ep L W

3)k ’
> ! W o and Y 7_ (Qk)( Vg‘)k modulo p.
Let D be an odd prime. In 2010 Jarvis and Verrill [13] discovered relations between
upn and up_1—,, modulo p for u, = A}, ap, fn or S,. For example, they proved f, =
(—8)" fp—1—n (mod p) forn = 0,1,...,p—1. In Section 3 we establish a vast generalization
of such congruences for generalized Apéry-like numbers {u,}. See Theorem 3.1.
In [20] S. Ramanujan made some conjectures for 1/m, which involve the following four

iak—i—b G) iak+b (%) (k , iak—i—b (%)2 : iak—l—b G) () ) )(gk)(ﬁk)

The author’s brother Z.W. Sun in [39] and the author in [25] posed many conjectures on
congruences for

p—1 2k 3 p—l 3k p—1 12k\2 (4K p—1 (2k\ (3k\ (6k
w6 " ( ) A S EME .
m m m
k=0 k=0 k=0 k=0

where m € Z and p is an odd prime with p { m. Some of such conjectures were proved by
the author in [27-29]. In particular, most of conjectures were solved when the modulus is
p. Let p > 3 be a prime. Recently Liu [16] conjectured congruences for

p—l (3k p—l (4k p—l (3k) (6k)
3
Z;) 108’“ ’ kzo 256k ’ z% 1728’“ (mod p7)

in terms of p—adic gamma functions. Based on calculations with Maple, in Section 4
we pose 29 challenging conjectures on congruences involving sums in (1.6) or Apéry-like
numbers. See Conjectures 4.1-4.29.

2. Congruences for sums involving W,
For any nonnegative integer n, define
[n/3]
_ 2k\ (3k\ (n\ ,_sk
= 3 () (0) ()

Then W,, = W,(—3). In this section we establish some congruences involving W,, and
W, (z) modulo a prime. We begin with three useful lemmas.



Lemma 2.1. Let n be a nonnegative integer. Then

> ()Wt = W +).

Zn: (Z) Wi(z)y" " = i

k=0

This proves the lemma.
Let {P,(z)} be the famous Legendre polynomials given by

w- ST - B G ()

k=0

It is well known that
Py(z)=1, Pi(z) =z, (n+ 1)Ppi1(x) = 2n+ 1)zP,(x) —nP,—1(xz) (n>1).

Lemma 2.2. Suppose that p > 3 is a prime and m,x € Z, with mxz # 0 (mod p).
Then

bS]

-1 p—1 2k
Wk :c+m _ )= k) _ 54
rart rart —1) 319 (5 ]< )
p—1 3 6 3 2
/D n3 — 3z(x® — 216)n — 225 — 108023 + 108
:—<§> nEO( " ) (mod p).

Proof. Since (pgl) = (=1)*¥ (mod p), using Lemma 2.1 and Fermat’s little theorem we
see that

—1 -1
L Wk x—l—m r

( )Wk x4+ m)(—m)P~F = W,_i(x) (mod p).
k=0 k=0

On the other hand, since p | (2kk) (Skk) for £ < k < p we have

Wy_1(z) = [:3: (2:> <3:> <]93—/IC 1>xpl3k _ Z_: ((215 )x ()315{) (mod p).




By [28, Corollary 3.1],

3

1 Qk) 3k

— - n — = —
) gy (2) = () (P B 0

k=0

_<§>’§<($>3—3( —ilf);+ﬂ2§2—1g§tz>

n=0 p

p—1l 3 3 6 3 2
D n° — 3z(z® — 216)n — 22° — 1080x° + 108

__(3>§ {( . ) (mod p).
n=0

Thus the lemma is proved.
Let p > 3 be a prime. Taking m =1 and = —4 in Lemma 2.2 yields

p—1 . p—1 3
(2.1) ZW E_(j)z<n 840n+9074> (mod p).
k=0 p n=0 p
Taking m = —1 and = —2 in Lemma 2.2 yields
p—1 p—1
(2.2) Z(_l)ka = _(—pG> Z (n3 — 336pn + 2522) (mod p).
k=0 n=0

Lemma 2.3. For any nonnegative integer n we have

n 2n/3 n ,
3
) @ Wy3nk = (n/s > <n/3> yain
k=0 0 if 31 n.
Proof. Putting x = —3 and y = 3 in Lemma 2.1 gives

n [n/3]

n nek _ 2k\ (3k\ (1 _3k
> (3wt =wao =3 (3 (F) ()™
k=0 k=0
This yields the result.

Now we are ready to prove the following result.

Theorem 2.1. Let p be a prime with p > 3. Then

B { —L (mod p) ifp=1 (mod 3) and so 4p = L* + 27TM? with L = 1 (mod 3),
~ L0 (mod p) if p=2 (mod 3)

p] <2k> We { L? (mod p) ifp=1 (mod 3) and so 4p = L* + 27TM?,
_19\k — e
—\Fk (—-12) 0 (mod p)  ifp=2 (mod 3).
Proof. Putting m = —9 and « = 6 in Lemma 2.2 we get » 7 _ )k = P }( ) (mod p).

Now applying [28, Theorem 3.2] gives the congruence for Zp 1 ng (mod p). Since



(pgl) = (—1)* (mod p) for k = 0,1,...,p — 1, using Lemma 2.3 and [5, Theorem 9.2.1]
we see that

1 p—1

= (T e

k=0

2(p—1) p—1 2(p—1)
(en ) (i) = (e ) = -t ot
3 3 3
if 3| p—1and4p = L? +27M? with L = 1 (mod 3),
0 (mod p) if3|p—2.

P

k=

—1
Note that p | (Qkk) for k = 7%1, ...,p—1and (pT) = (_%) = (—4)7F (Qkk) (mod p) for
k=0,1,..., %. Using Lemma 2.3 we see that

-1 -1)/2 _ —-1)/2 _
S ) e ) e 3y 5 (Y e
k) (—12)F — k) 3k T \p E)F
k=0 k=0 k=0
3 /p=l\ sp-l 7 N
— (7) <p31><p21> =23 <p21> (HIOdp) if3‘p—1,
-\ P\ /\TH R
0 (mod p) if3|p—2.

Now assume p = 1 (mod 3). Then p = A2+ 3B? and 4p = L?+27M? with A,B,L,M € Z
p—1

and A =L =1 (mod 3). By [5, p.201], (g) = 2A (mod p). If 2 is a cubic residue of p,
6

then 25 =1 (mod p). It is well known that 3 | B and so L = —2A. Hence

1 2

6

p

il

Now assume that 2 is a cubic nonresidue of p. Then 9" # 1 (mod p), 3 1 B and
2+ LM. We choose the sign of M so that M = L (mod 4) and the sign of B so that
B =A=1 (mod 3). From [23, p.227] we know that

- -1—-A/B L—-9M L M
2%57/ (mod p), A= ) and B = +3 .
2 4 4
Hence
p—1 p—1\ 2 A A
2k Wi =2 -1-3 »_—l—% 2
— =2 = -4A* = —E - 4(-3B
()i =27 () == z P
k=0 6
L—-9M L+3M\L+3M
=6(A+ B)B =
6(A+B) 6( 4 + 4 ) 4
1 1
= Z(3L2 —2TM?) = Z(3L2 + L?) = L* (mod p).

This proves the remaining part and the proof is now complete.



Remark 2.1 In [37, Conjecture 1.4] Zhi-Wei Sun conjectured that if p is a prime such
that p =1 (mod 6) and so 4p = L? 4+ 27M? with L = 1 (mod 3), then

= —L+ = (mod p?);

if p is a prime with p = 5 (mod 6), then S-7—; V‘g’gk =0 (mod p?).

Lemma 2.4. Let p be an odd prime, n,x € Zy and n(n + 4x) # 0 (mod p). Then

p—1 p—1 2k\ (3k\ (6k
(55 (et =Gwa (-9 = () 5 R o

k=0

(]

—1
Proof. As (p?) = (_k%) = (Qkk)(—él)*’C (mod p) and p | (2:) (3kk) (g:) for £ <k < p,
using Lemma 2.1 we see that

() iy

p—1)/2 _ Cdln )\ P2 1 g Eol
= > ( > )<n+i$)k5<4(p+4)) kZ:O (,i)Wk(w)< J_r44) '

k=0

1

p

k‘

=0
(

[p/6]

)W’% ( - %) = <_"p_4$) kzzo <2kk) <3kk> (%) ( B Z)pgl—?»k
(122 $2 (2 () (5 e

_ (rlo iy SLEICED

» 3k

-

(—n—4x
p

’—‘O

mod p).

i

0

This proves the theorem.

Theorem 2.2. Let p be an odd prime. Then

W s — {4:1:2 (mod p) ifp=1 (mod 4) and so p = z* + y* with 2} z,
770 (mod p) if p=3 (mod 4).

Proof. Since W; = —3 we see that the result is true for p = 3. Now assume p > 3.
Putting n = 12 in Lemma 2.4 yields

p—1 3k) (Gk)

W,%l = sz;1( = ( ) Z 12% (mod p).
k=0
In [19] Mortenson proved the congruence
p_l (3k) (6k) (_—3)4:1:2 (mod p) if4|p—1andsop=z®+y* with 24z,
= p
T 193k
=0 12 0 (mod p) if4|p-—3,

7



which was conjectured by Rodriguez-Villegas in 2003. Now combining the above gives the
result.

Theorem 2.3. Let p be a prime with p > 3. Then

pz_f <2k:> Wi _ { (g)(élxz —2p) (mod p) ifp=a*+4y* =1 (mod 4),
o\ k 545 ] o (mod p) if p=3 (mod 4).

Proof. It is easy to check the result for p = 11. Now assume that p # 11. Taking
n = 66 and z = —3 in Lemma 2.4 and then applying [29, Theorem 4.3] deduces the result.
Theorem 2.4. Let p > 3 be a prime. Then

p—1

M7

(2k> Wi {4.%‘2 —2p (mod p) ifp=2?+2y*=1,3 (mod 8),
8k

k) 8k = 0 (mod p) if p=>5,7 (mod 8).

B
Il

0

Proof. It is easy to check the result for p = 5. Now assume that p > 5. Taking n = 20
and x = —3 in Lemma 2.4 and then applying [29, Theorem 4.4] we deduce the result.

Theorem 2.5. Let p be a prime with p # 2,3,7. Then
SN EN 2k Wi =3\ B 2k W
(?) kzzo < k) (—27)k — (?) kzzo < k ) 243F
_{4x2—2p (mod p) ifp=2®+Ty*=1,2,4 (mod 7),
~ |0 (mod p) if p=3,5,6 (mod 7).

Proof. It is easy to check the result for p = 5,17. Now assume that p # 5,17. Taking

n = —15 and = —3 in Lemma 2.4 and then applying [29, Theorem 4.7] we deduce the
congruence for Zi;é (215)(}57’76)1@ (mod p). Taking n = 255 and = = —3 in Lemma 2.4 and

then applying [29, Theorem 4.7] we deduce the remaining part.

Theorem 2.6. Let p be a prime and p # 2,11. Then

7’2_:1 <2k> W, z? —2p (mod p) if (%) =1 and so 4p = z* + 1192,
a0k ,
k=0 k) (—44) 0 (mod p) if (%) =—1.

Proof. It is easy to check the result for p = 3. Now assume that p # 3. Taking
n = —32 and x = —3 in Lemma 2.4 and then applying [29, Theorem 4.8] we deduce the
result.

Theorem 2.7. Let p be a prime with p # 2,3,19. Then

(_3) pzi <2k) W, z? — 2p (mod p) if (1%) =1 and so 4p = 2 + 1992,
S _ k — ,
p /i \EJ(Z108)" 7] 0 (mod p) if ({5) = —L.

Proof. Taking n = —96 and z = —3 in Lemma 2.4 and then applying [29, Theorem
4.9] we deduce the result.



Using Lemma 2.4 and [29, Theorem 4.9] one can also deduce the following results.
Theorem 2.8. Let p be a prime, p # 2,3,43. Then

k=0

(_3) p=l o W, z? —2p (mod p) if (2) =1 and so 4p = x* + 43y?,
Z <k ) (—972)* 0 (mod p) zf( ) —1.

Theorem 2.9. Let p be a prime with p # 2,3,7,67. Then

L op W, 22— 2p (mod p) if (%) =1 and so 4p = z% + 67y,
( >Z< ) (=5292)* | 0 (mod p) if(%):—l.

k=
Theorem 2.10. Let p be a prime with p # 2,3,7,11,163. Then

RS0 o

(= 2p (mod p) zf(163

0 (mod p) if (<2

) =1 and so 4p = z* + 16337,
)=—1.

Theorem 2.11. Suppose that p > 3 is a prime, x € Z, and x(z3 +27)(z3 — 216) (22 +
6x — 18) # 0 (mod p). Then

163

p—1 p—1
e = () =5 (1) (0 (=)
_ rx(2® - 216) 2 ok k k 3
- (;9216) prd 2k> <3k) (§k> ( B M)gk
= (5 e (i)
p—1 23
- <2kk> (- @+ jS— 3718)2)%/’“ (mod p)

2k\ (3k
Proof. From Lemma 2.2 we see that W, _y(z) = S0—) —We . = S~ (k—)x(dkk) (mod p).
By [28, Theorem 2.1],

(5 Oy =5 () () a0 oo

Hence
Wp—l( )2
p=1 p—1 (2k\ (3k p—1 5
= (kU (—xmif:),)k)z = (ko ((k_)x()]?fk) )2 = kzo <2:> <3:> ( xlg (1 ig))k (mod p)



By [30, Theorem 2.2], for ¢t € Z,, with 4t # £5 (mod p),
”i 2k\ 2 / 3k <1t2)k:(4t+5)’§ 2%\ (3k\ [6k ((t+1)(1t)3>k(mod )
2\ k) \k)\V108 ) “\Tp )&k )\ k) 3k \ 432042 +5) b
Taking t = —1 — % gives
p—1 2
21\ % 3k 1 27\ \ k
<k> (k:><_m3<1+x3>)
k=0
1

(R () (G i) tman

3_ 4 3_ 2 _ 2
Set n = —%. Then n — 12 = —& +12:1;3+221762:+324 =L ;3?12718) . From Lemma 2.4

(with x = —3) and the fact ((p—:)/?) =4 (2:) (mod p) for 0 < r < % we see that
p—1 3
2k 2 k
=\ k (2% + 62 — 18)2

n— p=1 n 3 x(z® —
(50T W (- 1) = (5 (e )

P
- (=) z (Y (5 ) (o=
= () S () (W) () () mean

Now putting all the above together proves the theorem.

i

2

Corollary 2.1. Suppose that p > 3 is a prime, © € Z, and (x +3)(1+ 9z +272%)(1 +
92)(1 + 2722)(1 — 2722) # 0 (mod p). Then

(Swet)' =5 (1) (G 25 ) i oot
k=0 k=0

(1 —2722)2

Proof. Substituting = with —2 — 3 in Theorem 2.11 yields

= = —(z +3)°
<kZ:0kak>2 Ekgﬁ <2kk)<_ (;24—5)27;—227)ka
= T T 22
5 <2kk> ( (1(1+ - 2;722)72 )>ka (mod p).

This proves the corollary.
We remark that Corollary 2.1 is the p-analogue of (1.3).
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3. Congruences for generalized Apéry-like num-
bers

In 2010, Jarvis and Verrill [13] established a relation between u,, and up_1—, modulo p
for {AL}, {an}, {fn} and {S,}, where p is an odd prime. Inspired by (1.1) and (1.2),
we introduce generalized Apéry-like numbers and prove a vast generalization of those
congruences given in [13].

Theorem 3.1. Suppose r € Z and ¢ € Z with ¢ # 0. Let b(n) be the polynomial of
n with integral coefficients and the property b(—1 —n) = (=1)"b(n) for any n € Z. Define
the sequence {un} by

(3.1) up =1, uy =b(0) and (n+1)"ups1 =bn)uy —cn"up—1 (n > 1).

Suppose that p is an odd prime with ptc and uy € Zy. Forn=0,1,2,...,p —1 we have
c .

(=)™ up—1-n (mod p) ifptup,

_ n _ p 2

Up = Up—1C Up—1—n = _i,c .

(=1 (I;)C”Up—l—n (mod p) if p | up_s.

In particular, .

(];) (mod p) ifpj(u%;
(—1)’”’1(5) (mod p) i p | ups.

Proof. By (3.1), forn € {0,1,...,p—1}, up € Zp, (p—n) up—p =b(p—1—n)up_1-p —
c(p—1—n)"up_9_pn and so (—n)"up—p = b(—1 —n)up—1—p, — c(—n — 1) up_2_p, (mod p).
Since b(—1 —n) = (—1)"b(n) we get n"up—p = b(n)up—1—n — c(n + 1)"up_2—, (mod p).
Multiplying ¢ on both sides gives

Up—1 =

(3.2) (n+ l)rc’”lup,g,n =b(n)c"up—1—p —cn'” - c”_lup,n (mod p).

By (3.1), p"up = b(p — )up—1 — c(p — 1)"up—2. Thus b(p — 1)up—1 = ¢(—1)"up—2 (mod p).
Since b(p — 1) = b(—1) = (—1)"b(0) (mod p) we see that b(0)up—1 = cup—2 (mod p). If
p | up—1, we must have p | up—2 and so p | up—3 by (3.1). If up_ (1) = tp—m = 0 (mod p)
for m € {2,3,...,p — 1}, then u,_(n,41) = 0 (mod p) by (3.1). Hence up 2 = up-3 =
-+ =u; =up =0 (mod p). But up = 1. This is a contradiction. Therefore p { u,_1. Set
Up = "Up—1—n/Up—1. Then vy =1 = up and v = cup_2/up—1 = b(0) = u; (mod p). By
(3.2),forn=1,2,...,p—1 we have (n+1)"v,4+1 = b(n)v, —cn"v,—1 (mod p). Hence u,, =
Vp = Up—1—p/up—1 (mod p) for n =0,1,...,p—1 and so u,—1 = ¢’ Lug/u,—1 (mod p),
which implies u2 ; = =1 = 1 (mod p) and so u,—1 = ¢, (mod p) for ¢, € {1,—1}.

p—1 =
This yields u, = ™up—1-n/Up—1 = €pc"Uup_1—,, (mod p). Taking n = % gives up-1 =
2
6pcp771uu = &p(;)up=1 (mod p). Hence, if p f up-1, then £5(3) = 1 (mod p), & = (7)
2 2 2
and so u,

($)c"tup—1—n (mod p). Now assume that p [ up-1. By the above argument,
2
1

Upt1 = Epc 2 up-3 = pc(;)up=s (mod p). By (3.1),
2

2 2

(557) v = (5 g e (F57) v = e(57) g oot

11



r—1 c

Namely, upp1 = (=1)"“cup-s (mod p). Hence c(ep(5) — (=1)"" )upfs = upp —Upp =
2

0 (mod p). pr\ups since p | up-1 1weseethatu;5£- —uo—O(modp)by(31)
2

But ug = 1. Therefore p1t Up= and so ep(7) = (=1)"
(-1 1(p)c Up—1—pn (mod p) which completes the proof.

ﬁl\:

. This yields u, = epc"up_1-p =

Corollary 3.1. Let p > 3 be a prime andn € {0,1,...,p—1}. Then

Pn(x) = Pp—l—n(x) (mOd p)7 An = Ap—1-n (mOd p)v
D,, =64"Dy_1—p, (mod p), b, =81"by,_1—, (mod p),

T, = 16"Ty_1_p (mod p), W, = (g)wnwp_l_n (mod p),
_ (PN
Qn = (3)72 Qp—l—n (mOd p)'

Proof. Taking u,, = P,(x), An, Dy, by, T, in Theorem 3.1 yields the first five congru-
ences. Since (p;bl) = (—1)™ (mod p), using [25, Corollary 2.2] we deduce that

=8 (1) () (Yoo G () o

k=0

Recall that (n+1)?W, 41 = (=9n(n+1) —3)W,, —27n2W,,_1 (n > 1). Applying Theorem
3.1 yields the result for W,,. Using [32, Lemma 2.4] and [25, Corollary 2.2] we see that

p=1 , p—1 p—1 2k\ 3k
2= (et D 5 U = (§) e

k=0

Recall that (n+1)2Qn41 = (—17n(n+1) — 6)Q, — 72n*Qyu—1 (n > 1). Applying Theorem
3.1 yields the result for @,.

Theorem 3.2. Let {u,} be given in Theorem 3.1, and let p be an odd prime. Suppose
that wy, € Zy form =0,1,2,... and k € Z*. Then

Ukptn = UgpUn (mod p)  for n=0,1,...,p—1.

Proof. We prove the theorem by induction on n. Clearly the result is true for n =0
since ug = 1. By (3.1), (kp+1)"uppt1 = b(kp)urp—c(kp) ugp—1. Thus, ugpr1 = b(kp)ug, =
b(0)ugpy = urug, (mod p). This shows that the result is also true for n = 1. Now assume
2 <m < p—1 and the result holds for n < m. From (3.1) and the inductive hypothesis
we see that

m" Uppym = b(kp +m — V)ugpym—1 — c(kp +m — 1) Uppim—2
= b(m — Dugprm—1 — c(m — 1) Ukpym—2
= b(m — Dugpum—1 — c(m — 1) upptpm—2 = ugp - m" ty, (mod p).

Since p { m we get Uppim = Ukptm (mod p). This shows that the result is true for n = m.
Hence the theorem is proved by induction.

12



Corollary 3.2. Let {uy,} be given in Theorem 3.1, and let p be an odd prime. Suppose
Um € Zyp and Ump = Uy, (mod p) for m = 1,2,3,.... For n € Z' write n = ng + nip +
-+ ngp®, where ng,ny,...,ns € {0,1,...,p— 1}. Then we have the Lucas congruence
Uy, = UpoUn, - Up, (mod p).

Proof. Set k = ny + nop + - - + ngp*~!. Then n = kp + ng. By Theorem 3.2,

Un = ukpuno = ukuno = un1+n2p+~--+nsp571 uno = ’U,nounlU(n2+n3p+,,,+nsp572)p

UngUng Ung4ngpt-4ngps—2 = UngUng Uno Ung4nypt-4ngps—3

== Upglng - Uny_oUny 4nep = UngUn, - * Un,_ Un, (mod p).

This proves the corollary.

Remark 3.1 Suppose that p is a prime. For m,n € Z* with m < n write n =

ng +nip+ -+ ngp® and m = mg + mip + - - - + mgp®, where ng,...,ng, Mg, ..., Mg €
{0,1,...,p—1}. Then () = (:1%) (:111) . (;‘;S) (mod p). This is called Lucas theorem.

From [13] and [17] we know that many Apéry-like numbers satisfy the Lucas congruences.

Theorem 3.3. Let {u,} be given by (3.1). Then

n—1

Z b(k)(—e)" Y Fui = nTupu,_1 (n=1,2,3,...).
k=0

Thus, if p is an odd prime, p{ c and w,, € Z, for m € Z*, then

uj =0 (mod p").

Proof. Since

(k + 1)"uk+1 kruk_l (k + 1)7’uk+1 + ckruk_l - b(k)uk

(=) (—o)F=t (—c)* (=)’

we see that

« b(k) W2 nz_:l ((k + D) upprug krukuk—l) _ " untin
()b (=) (o)1 (=)t

This yields the result.

As an example, taking u, = P,(z) in Theorem 3.3 gives

n—1
(3:3) D (=) R 2k 4+ 1) Py(2)? = nP"(x)];"—l(m).
k=0

13



4. Conjectures on congruences involving binomial
coefficients and Apéry-like numbers

The Bernoulli numbers {B,,}, Euler numbers {E,,} and the sequence {U,} are defined by

n—1 n
By=1, <>Bk:0 (n>2),

k
k=0
[n/2] n
EO = 17 En = - Z <2k)En2k (n > 1);
k=1
[n/2] n
UO = 1, Un = -2 kzl <2]€> Un_gk (n Z 1)

For congruences involving B,,, F,, and U, see [22,24,26].
Based on calculations with Maple, we pose the following challenging conjectures:
Conjecture 4.1. Let p > 3 be a prime. Then

2 3
A, 1=1+ gp?’Bp,g (mod p*), D, ;=647 — % 3 (mod p*),

g2 P
by—1 = 81P71 — 2—7pr])_3 (mod p?), Tp_1=16"""1+ %Bp_g (mod p?).

Remark 4.1 In [33] the author proved that T),_; = 16°~! (mod p?) for any prime
p> 3.
Conjecture 4.2. Let p > 3 be a prime. Then

) _ )
;—1 =1+ gprpf?» (mOd p4), fpfl =gt + gprpfS (mOd p4)7
—1
Sp—1 = (—1)p732p_1 +p*E, 3 (mod p?), ap_1 = (2)91’_1 + p*U,_3 (mod p?),
_ _ )
W1 = (%’)27?’ L4 p2U,_5 (mod p?), Qp_1 = (2)72?’ '+ 2p*Up-s (mod pP).

Remark 4.2 Let p > 3 be a prime. In [38] Z.W. Sun proved a congruence equivalent
to fp—1 = 871 (mod p?). In [33] the author proved a congruence equivalent to S,_1 =
(—1)"z 3201 (mod p?).

Let p be an odd prime. In 2000 Ahlgren and Ono[2] proved Beukers’ conjecture
ApT—l = ¢(p) (mod p?), where {c(n)} is given by

®1(q) =q [JA =)' (1 =¢"™)" =D c(m)g” (Jal < 1),
k=1

n=1

It is well known that ®;(e?"*#) is a newform in S4(I'¢(8)). For |¢| < 1 define

®4(q) =q [J(1=¢")° =D aln)g,
k=1

n=1



—qH1—q (1=¢")(1—¢"*)(1—¢* Zﬁ
—qH1—q (1—q% ZZ’V(n)q
n=1

It is known that ®4(e?™?) is a weight 3 newform with complex multiplication by Q(v/—1),
and for m € {2,3} ®,,(e*™) is a weight 3 newform with complex multiplication by

Q(+/—m). More precisely,
(134( 27rzz) € 53 (Fo(lﬁ) (—4))7
Dy (e 27rzz) €55 <F0(12) (73))’ (1)2(627riz) € 53 <F0(8), (_—8)>,

where (2) is the Legendre-Jacobi-Kronecker symbol. See [11,18,21]. From [21, (14.2)] we
know that for odd prime p,

42 —2p if p=2a?+4y®> =1 (mod 4),
(4.1) ) = { o

0 if p=3 (mod 4),

42 —2p if p=2a2+2y®> = 1,3 (mod 8),
(1.2 ) = { o

0 if p=5,7 (mod 8),

422 —2p if p=2a2+3y*> =1 (mod 3),
(4.3) Y(p :{ o

0 if p=2 (mod 3).

In [1] Ahlgren proved Beukers’ conjecture:

- :{4372—2]7 (mod p?) if p=1 (mod 4) and so p = 2% + 4y,
% 10 (mod p?) if p> 3 and p=3 (mod 4).

2

This is equivalent to A’,_;, = a(p) (mod p?) for p > 3. Using modular forms with complex
2
multiplication, Gomez, McCarthy and Young [11] proved that for prime p > 2 and r € Z™,

- { (z +yi)* + (v — yi)* (mod p?) ifp=2a®+y* =1 (mod 4) with 24z,
5+~ 10 (mod p?) if p>3and p=3 (mod 4),

S { (x + yﬁ)w + (x— y\/—73)2" (mod p) ifp= 2?4+ 3y% = (mod 6),
= 0 (mod p) if p=5 (mod 6),

(-1)"7
{ (@ +yvV=2)" + (z —yV=2)" (mod p) if p=2”+2y”=1,3 (mod 8),
0 (mod p) if p=5,7 (mod 8).

T—1
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By [21, (13.1)], for odd prime p, m € {1,3,5,...} and r € {2,3,4,...},

(4$2 - 2p)A/mp7'7171 _p2A/mp"'7271 (mOd pT) lfp = $2 + 4y2 =1 (mOd 4)7

Alpyrs = 2 4/ ; r ’ I
2 pALLl(modp) if p=3 (mod 4),
(—1)%2(4302 — 2p)fmpr;1,1 —p2fmpr;2,1 (mod p") ifp= 2 4+242=1,3 (mod 8),
f% - psz (mod p") if p=5,7 (mod 8),
(42” —22p)aL1—1 —p?a 2y (mod p') if p=a®+3y* =1 (mod 3),
Gmpr—1 = pQQ%Qil (m(jd p") 2 if p =2 (mod 3).

Now we present several conjectures, which can be viewed as generalizations of the
above results.

Conjecture 4.3. Let p be a prime of the form 4k + 3. Then
p=3\ 2
3(p23> Ay, =72 (mod pP),

2

1
A ey = p2A’mpT_271 (mod p*") form e {1,3,5,...} and r € {2,3,4,...}.
mpZ—1 mpr—2-1

)
Conjecture 4.4. Let p be an odd prime, m € {1,3,5,...} and r € {2,3,4,...}. Then
Ampr 1 = P?@ -2, (mod p* 1) for p=5 (mod 6),
frmpra = prL:_l (mod p*"™')  for p=5,7 (mod 8),
S% EpQS@ (mod p*"™1)  for p=5,7 (mod 8),
W% = pQW@ (mod p*"™1)  for p=3 (mod 4),

2

Qupr—1 = p*Qpr—2_1 (mod p* 1) for p=13,17,19,23 (mod 24).
2 - 2

Conjecture 4.5. Suppose that p is an odd prime, m € {1,3,5,...} andr € {2,3,4,...}.
(i) If p=1,3 (mod 8) and so p = 2% + 24>, then

S% = (42® — 2p)5’%1_1 ,p25%2_1 (mod p").
(ii) If p=1 (mod 4) and so p = z% + 4y, then
W% = (4% — Qp)W%l,1 —pQW%M (mod p").
(iii) If p=1,7 (mod 24) and so p = x? + 6y, then
p=1

Qmpr1 = (—1)"7 (422 = 2p)Q pr—1_1 — P*Q pr—2_, (mod p").
2 2

(iv) If p=5,11 (mod 24) and so p = 222 + 3y?, then

et r
(_1)p2 (8:[‘2 - 2p)Qmp7"_1—l _pQQmpT—2,1 (mOd p )

2 2

QmPT—l
2

16



Conjecture 4.6. Let {u,} be one of the six sequences {Al}, {fn}, {Sn}, {an}, {Qn}
and {Wy,}, and ¢ = —1,-8,32,9,72 or 27 according as u, = AL, fn, Sn,an, Qn or W,.
Suppose that p is an odd prime with p{c. Then

42 = (5 — P VNup—1tmp—1 (mod p?) for m=1,3,5,....
2

2 2

Comparing Conjecture 4.6 with the case r = 2 in [21,(13.1)] and Conjecture 4.5 sug-
gests the following conjecture:

Conjecture 4.7. Suppose that p is an odd prime.

(i) If p=1 (mod 3) and so p = x> + 3y?, then ap1 = (9P~1 4+ 3)2? — 2p (mod p?).

(ii) If p=1 (mod 4) and so p = x% + 4y?, then Wp 1 = (27771 4+ 3)2% — 2p (mod p?).
iii p = mo an sop—x+y,ten p-1 = + 3)z? —
If 1,7 d 24) and 6 h pQ 721 4+ 3

2
p (mod p?); if p = 5,11 (mod 24) and so p = 2% + 3y>, then (%)QP% = (7271 4 3) -

222 — 2p (mod p?).
Remark 4.3 Let p be an odd prime. By (4.3), Conjecture 4.7(i) is equivalent to

2

ap-1 <1 + 111(91971 — 1))7(17) (mod p?) for p=1 (mod 3).

By (4.1), Conjecture 4.7(ii) is equivalent to

2

1
Wy = (1 + 1(27”_1 - 1))a(p) (mod p?) for p=1 (mod 4).
By (4.2), the first congruence in [32, Conjecture 3.1] is equivalent to

for = (-1 (1+4(8p ! 1))5@) (mod p?) for p=1,3 (mod 8),

and the first part of [31, Conjecture 2.2] is equivalent to

1
Sp1 = (1 + 1(3213_1 - 1)>ﬂ(p) (mod p?) for p=1,3 (mod 8).
2
Let p > 3 ba a prime. In [34,35] Z.W. Sun conjectured congruences for > ¥ _ (Qk) JmF
(mod p?) with m = 1, -8, 16, —64,256, —512,4096. Such conjectures were proved by the
author in [27], and later proved by Kibelbek et al in [15]. In [35] Z.W. Sun also conjectured
that

p—1 p—l p ) p—1 )3

= f— 3 _

= = 1 512 (mod p°) for p=1 (mod 4),
k=0 k=0 k:()
p_l 3 p—l 2k 3 p—l Ak

2k)"_ (L () _ (k;) (24) 3 B
2 k) :(?)24 ogF = 2 gt (mod p?) for p=1,2,4 (mod 7),
k=0 k=0 k=0
Pl (23 p=1 (2k\3
-1
(1k62€ = (?) gIgGk (mod p®) for p=1 (mod 3).

k=0 k=0

In light of related calculations on Maple we made the following conjectures.
Conjecture 4.8. Let p be a prime with p # 2,3, 7.
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(i) If p=1,2,4 (mod 7) and so p = x> + Ty?, then

p—1 3 . p—1 (2k\3 9
kz (2:> =(-1)"7 kz 4(0169)6]6‘ =d4z? —2p — % (mod p?).
=0 =0
(ii) If p=3,5,6 (mod 7), then
p=1 o 3_ 359 s, (2k)3
§<k> =5 (U7 kzzozlok%k
UL/ (BTN s e
(i) =) meds)  p=3 e
_ ) 99, 3[p/7] _2:_ 2(16p/7] 2 mod 3 iFp=5 (mo
=\ () = () o0 =5 e,
) —2
—%pQ (3[59//77]]> = —11p? <[p[?$]/j_] 1) (mod p%) if p=6 (mod 7).

Remark 4.4 From [5, Theorems 9.2.6, 12.9.8 and 12.9.9] we know that if p is an odd
prime such that p = 1,2,4 (mod 7) and so p = 2% + 7y?, in 1848 Eisenstein proved that

2z (mod p) ifp=1(mod7)and z =1 (mod 7),
(3[]?]) = J 2z (mod p) if p=2 (mod 7) and z =3 (mod 7),

2
5% (mod p) if p=4 (mod 7) and x =2 (mod 7).

Conjecture 4.9. Let p > 3 be a prime.
(i) If p=1 (mod 3) and so p = x> + 3y?, then

p—1 2k)3 - p—1 (2k)3 2
1’“7 =(-1)=z 2]g6k =4z? — 2p — 3 (mod p?)
k=0 k=0

p—1 (2k)3 - p—1 (2k)3 p—1\ —2
k — == k — 2 2 3
o = —8(—1) =2 Segk = P <p5) (mod p?)

Conjecture 4.10. Let p be an odd prime.
(i) If p=1 (mod 4) and so p = 2 + y? with 2t x, then

p—1 (2k)3 p—1 2k)3 T (2k:)3 %
k) — AV <_1)% k =42% —2p— = (mod p3)
_R\k k _ k 2 :
Lo (—8)F T £ 64 22 (=512) iz
(ii) If p = 3 (mod 4), then
p—1 (2k)3 p—1 (2k)3 P! (2k)3 3 p=3\ 2
k) _ k) _ P k _ 9 2 2 3
=-3 =6(-1) « :p<_> (mod p~)
_Q\k k _ k p—3
k:O( 8) = 64 k:O( 512) 1 4



Conjecture 4.11. Let p be an odd prime. Then

p—1 i 3
>
k=0 ,
(—1)%(4m2 —2p— 4p—x2) (mod p*) ifp=1,3 (mod 8) and so p = 2> + 2y,
= pj lp/4] - mod p? if p=>5 (mo
=5 () o ) fp=5 (mod 8),
§2[p/4]_m03 ifp="17 (mo
3 () (mod ¥ fp=T7 (mod §).

Conjecture 4.12. Let p be a prime with p > 3. Then

2

42 — 2p — 4p 5 (mod %) if p=1,3 (mod 8) and so p = z* + 2y,
x
p—1 —2
17 4 )
ZMEZ%%@ (mod p)  ifp=5 (mod 8),
n=0
4 .
<[[Z;8D (mod p*) if p=7 (mod 8)
and
P2
p—1 42 —2p — ) (mod p®) if p=1 (mod 3) and so p = x* + 3y?,
Z(_l)nAn = 5 p—1 -2
n=0 e (mod p?) if p=2 (mod 3)
i p p= :
6

Remark 4.5 Z.W. Sun [36] conjectured the congruences for Zﬁ;é A, and Zi;%)(—l)”An
modulo p? and proved the congruences when the modulus is p. He also conjectured that

p—1 p—1 (2k:)2(4k)
A = k2 22k7 (mod p®) for p=1,3 (mod 8),
256+
k=0 k=0
p—1 p—1 2k:)3
(-1)*A, = 1k6k (mod p3) for p=1 (mod 3).
k=0 k=0

Let p > 3 be a prime. In [39] Z.W. Sun conjectured the congruence for Y > _ 0 s (2)4
(mod p?), and posed conjectures on Zn:%) 7%,; (mod p?) form = 1,-2,4, —8,8,16, —32, 64.
In [30] the author proved some congruences for Z‘Z;E Do and Z‘Z;B b modulo p. Now
we present congruences for such sums modulo p>.

Conjecture 4.13. Let p be a prime with p # 2,3,13,47.

(i) If p=1,3 (mod 8) and so p = 2% + 2y?, then

p—l (Bk — 2

u — b, 1D P 3
EZ EZS— ZS—E —2p—4—x2(modp).
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(i) If p= 5,7 (mod 8), then

p—l (3k) 33 p—1 99 p—1 by 3319—1 D,
k=0 :_Enzo n:_ﬁnzog? B n:087
-2
Lo(10) " g5t
-2
_EPZ (g;g) (mod p*) if p=7 (mod 8).

Conjecture 4.14. Let p be a prime with p # 2,3,5,13. If p=1,17,19,23 (mod 30),
then

SOD SO S () -Sn-5x

2
42 — 2p — f? (mod p%) if p=1,19 (mod 30) and so p = x* + 1532,
2

P
2p — 1222
p x+12x2

If p=7,11,13,29 (mod 30), then

p—1 2k 3k p—1 2k 3k p—1 n 4 p—1 p—1
)()_ (M Ch n\* _ 28 112 D,
S = it = ()X (1) SR w L

(mod p*) if p=17,23 (mod 30) and so p = 32 + 5y>.

p
=0 k=0 3 _;:0 k=0
gpQ . 5lP/3] ([5/135]0 (mod p*)  if p="7 (mod 30),
14p? - 5P/3] <[1[§?//135]]>_2 (mod p*) if p=11 (mod 30),

T2 sl [ 1P/3] - (mod p?) if p=13 (mod 30)

[
—2
\ ; 2, 5lp/3] ({5)/ 5]]> (mod p3)  if p=29 (mod 30).

Conjecture 4.15. Let p > 3 be a prime.
(i) If p=1 (mod 3) and so p = 22 + 3y?, then

p—1 (Zk) ( -1 p—1 (2k)2(3k) =l p—1 D p=1
n = k k — n =n n

Z 108k Z ( ) Z 1458k Z 2)n - 16n

k=0 k=0 n=0 n= 0 =0

(ii) If p=2 (mod 3), then

— p
Z oy = 4a® — 2p — ) (mod p?).
n=0

ENOCH _ K m\ f _ 1%2 D _ & D, D,
108k :_Z<n>( » ZZ —o)m T Z47_ 167

k=0 n=0 n:O




B p—1 D, B p2 pgl -2 ,
= nz:;)( = 2<pgs> (mod p°).
Conjecture 4.16. Let p > 3 be a prime.
(i) If p=1 (mod 4), then
—1 -1 —1 2
pz (bg)n - pz (b2n7)n = ((2]{)22(8382))’“
n=0 n=0 k=0
4a? — 2p — 45:2 (mod p®) if p=1 (mod 12) and so p = 2> + 9y°,

2p — 222 + 2])—2 (mod p3) if p=5 (mod 12) and so 2p = z* + 9.
x
(ii) If p=3 (mod 4), then

S P GO €74
,;) oy = 10% (—12288)F
-2
_ —gpz(g/ﬂ]) (mod p*) if p=7 (mod 12),
. AN
<[p/12]> (mod p”)  ifp=11 (mod 12).

Conjecture 4.17. Let p be a prime with p > 7.
(i) If p=1,2,4 (mod 7) and so p = x> + Ty?, then

(p)pi(%) W S CDRE D6

( 3969)k

(i) If p=3,5,6 (mod 7), then

pl p—1 2 p—1 2k
(9%(2:) (—2/;)” E_fok O(kg);llg ) - 45k 0(( 9( )
( ;//77] - mod p®)  if p=3 (mod 7),
= 3;2( » )::: )(j?g) = ;556192([5//77]]) (mod p¥)  ifp=5 (mod 7),
7172454 2( [E//:]])_Q (mod p*) if p=6 (mod 7).

Conjecture 4.18. Let p be a prime with p > 7 and p # 71.
(i) If p=1,3 (mod 8) and so p = x> + 232, then

p—l 4k p—1 (2k\ 2 (4k p—l 3k 6k 2
Z 256(k 1 :kz (k2)84(k ) = ( )Z 2031( a = 4a® = 2p = 75 (mod 7).
=0 =0
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(i) () 41;(192)84(]319)5 j( )Z 20323()

=0 k=0

Conjecture 4.19. Let p be a prime with p > 5.
(i) If p=1 (mod 3) and so p = z* + 3y?, then

1<2k>2<4k <>P—1 GG _ oy P

(—144)F 54000% 42

=
|

B
Il

0

(ii)) If p=2 (mod 3), then

—1 2 1 —
(2]{)) (4k - p— Gk) (p _ 1)/2 2
> =2(5) 2 Sl =7 (o aye)  mod s

Conjecture 4.20. Let p be a prime with p # 2,3, 11.
(i) If p=1 (mod 4) and so p = z% + y* with 2{ z,

k=0

bS]

—1 -1 —1 2
( )pz )G Gr) _ (33),32 CHEHED =) G
T 193k — 3k - k
21 p) 266 22" 648
p—1 2
= (5) 2 <k>54k Aa7 = 2p = g (mod p7).

(ii) If p = 3 (mod 4), then

()3 DD _ 12 ) S5 O 5 ()

3k k
~ p/) & 66 648
1 _9
B\ 25\ Wr _ 5 ,((p—3)/2 3
- 3<3>k:0(k)54k_12p (p—3)ya) (modP):

Conjecture 4.21. Let p be a prime with p > 5.
(i) If p=1 (mod 3) and so 4p = L? +27TM?, then

%(215)(3;5)5 (m)§WEL2_ng’2 (mod p*).

(—192)k p ) &= (~12288000)F L?

(ii) If p=2 (mod 3), then

—1 2 _
p (2k) (Sk) 800 /10 (2k) (3k) (6k)
1;) (5192])36 161( )Z( kl22§8058)’f
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3p2 (

3
197

2p/3]
[p/12]

(

.
)

)_2_2
by

§ 2 ([2p/3]
1" ([p/3]
3 ([2p/3]

[p/3)

2

(mod p®)  if12|p—5,

(mod p3) if 12| p—11.

Conjecture 4.22. Let p be a prime with p # 2,11,13.
(i) If p=1,3,4,5,9 (mod 11) and so 4p = u? 4+ 11v? with u,v € Z, then

64%

p—1
k=0

(ii)) If p=2,6,7,8,10 (mod 11) and f =

()

E’UQ

—2y %= (O () G
? Z (—32)3k

[ll

11], then

29 (3}0) 2 5
756(%) <2;i>> mod 77

_p2(

\

Conjecture 4.23. Let p be a prime with p # 2,3,19.

(i) If p=1,4,5,6,7,9,11,16,17 (mod 19) and so 4p = u® + 19v* with u,v € Z, then

—6
p

()

(i) If p= 2,3 (mod 19) and f =

pfl

(5 G

96 3k

GG _

—2p— =

10f) )2 (mod Pg)

p—1 (2k\ (3k\ (6k
LI I
(%], then
985 2] (59 (%))
e
197 p2< GH57)
580807 \ (%)) (W) ()

Conjecture 4.24. Let p be a prime with p # 2,3, 23.
(i) prz 1,5,7,11 (mod 24), then

216k

p—l
=0

2.0

p—l P p—1 b
_ n

Z 482k = (3) Z gn

k=0 n=0

2
(mod p).

if p=2 (mod 11),

if p=6 (mod 11),

if p=7 (mod 11),

if p=8 (mod 11),

if p=10 (mod 11).

2

(mod p?).

if19|p—2,

2
) (mod p®) if 19| p— 3.




2
42% — 2p — f—2 (mod p®) if p=1,7 (mod 24) and so p = z* + 612,
_ x
= 2
8x% — 2p — 322 (mod p3) if p=5,11 (mod 24) and so p = 2z% + 3y°.
x

(ii) If p=13,17,19,23 (mod 24), then

p—l 3k p—1 (2k\2 4k p—1
CHEH - G Gr) 7 n_ T~ Dy
2) =7 (5) X :%<§>27: ~35 2 ey (0l P

n—=

Remark 4.6 Suppose that p is a prime such that p = 1,5,7,11 (mod 24). In [35]
Z.W. Sun conjectured that > 7_ ( ) (3k)/216k (%) Zﬁ;é (Qkk)Q(;lﬁ) /48%% (mod p?).
Conjecture 4.25. Let p be a prime such that p > 3 and p = 3,5,6 (mod 7). Then

( 3(35/7]) (mod p?)  ifp=3 (mod 7),
[P/ﬂ
P_l 0N e
( ) Z = (3@/7}) ( od p ) pr =95 (mOd 7)7
— 63’6 [p/7]
25/7] (mod p?) if p=6 (mod 7).
\ ( [p/7] )

Remark 4.7 For the conjecture for Y 7_ ( )( )/63’“ (mod p?) in the cases p =
1,2,4 (mod 7) see [35, Conjecture 5.14]. In [27] the author showed that these congruences
are true when the modulus is p. For any prlme p > 3, in [35] Z W. Sun also made

conjectures on y 5 _ ( )( )/48’g and > 7_ ( )( )/72k modulo p?.
Conjecture 4.26. Let p be a prime with p =1 (mod 3). Then
1

kW,
(=9)*

bS]
|

=0 (mod p?).

=
Il

1
Conjecture 4.27. Let p be a prime with p > 3. Then
p—1

_ k
P k) (-12)

B {L2 —2p (mod p?) if p=1 (mod 3) and so 4p = L* + 27TM? with L, M € Z,
0 (mod p?) if p=2 (mod 3).

Conjecture 4.28. Let p be an odd prime, n € {—640320,—5280, —960, —96, —32,
20,255} and n(n —12) # 0 (mod p). Then

p—1 pfl 6k
> () i = (15 2) £ R ot

k=0 =0

Hence the congruences in Theorems 2.4-2.10 also hold modulo p?.
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Conjecture 4.29. Let p > 3 be a prime. Then

p—1
2k\ 3k +1 p—1
kfk = (_1)p2 p+p3Ep—3 (mOd p4)7
k) (—16)
k=0
P21 9k Th + 2 3
=2(— 4
k§0<k>(_27)ka (p)p p*Up-3 (mod p*),
p—1
2\ Th+3 p)
> (3) o= 3(22)p tmoa 47
k=0
p—1
M\ Th+2 3
Z<k> 54k (?)p (mod p*)
k=0
P2l 9k 14k + 3 11
N 2
D7l 9K\ 38k + 7 3
W.=17(— d p?
g;(k)km&kk (Z2)p (nod 2,
p—1
2k\ 133k +26_ /-3 )
kz_o<k> e :26<?)p (mod p7),
p—1
2k\ 602k - 85 - )
W, =85 — d
p—1
2k\ 4154k + 481 -3 )
VT Oy, =481 —2 d .
k:0<k) (—5202)F Wy, =48 (p )p (mod p~) forp# 7

Remark 4.8 In [12] Guo proved that for any odd prime p,

( ) e = (1) (mod 7).

M
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