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Notations.
Let Z be the set of integers, and N the set of positive integers. For r € Z and

m,n € N let
n _ - n
w2 (1)

k=0
k=r (mod m)

For a,b € Z the Lucas sequences {u,(a,b)} and {v,(a,b)} are defined by
uo(a,b) =0, ui(a,b) =1 and u,11(a,b) = buy(a,b) — aup—1(a,b) (n > 1)
and
vo(a,b) =2, vi(a,b) = b and v,11(a,b) = bv,(a,b) — av,—1(a,b) (n > 1).

So uy,(—1,2) is the Pell sequence.

In the paper [] denotes the greatest integer function, (%) denotes the Legendre
symbol, and g,(a) = (a?~! — 1)/p means the Fermat quotient.

For m,n € N and k € Z define

A (k,m) = My hmy — 2" H24m,
e M)y — 2" 2| me

2.1 Formulas for Ays(r,p) and Ag(r,p).

Theorem 2.1. Let p > 0 be an odd number, and let {A,} and {B,} be defined as
below:

AO = Bo = Bl = 0, Al = 1, An+1 = 4An — 2An_1 — 2Bn_1,

Bni1=4B,— A, 1—-2B, 1 (n=1,2,3,...).
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Then Aig(r,p) = A16(17 — 7, p), and
Arg(1,p) = 202 4 duyia (2,4) — dups (2,4) + 8(Apn
Ni6(2,p) = —27D/2 4 dup s (2,4) +8(Apcs + Bos — Bair),
Ai6(3,p) = —20"D/% —dup 1 (2,4) = 8(Bugr — Bus),
Ajg(4,p) = 2P+D/2 _ dupsi (2,4) +4up1(2,4) — 8Bps,
Aqg(5,p) = 20PTD/2 4y i(2,4) +4dup1(2,4) + 8By,
Ag(6,p) = =27/ — duya (2,4) + 8(Bops — Busa),
Aig(7,p) = =22 4 dup i (2,4) = 8(Asss + Bot — Bop),
Ag(8,p) = 20HD/2 4 upgs (2,4) —dup-1(2,4) = 8(Apss — Aps — Bpos).

- AD _BL_I)7
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Corollary 2.1. Let p be an odd prime, €, = 1 or 0 according as p =

1) (mod 32) or not. Then

Up—1 (2 +V2,4) =
u%ﬂ(2+ﬂ,4)z

(e2 — €3 +¢e6 —e7) + (€5 — £4)V2 (mod p),

(€1 +e3—€3—€4+¢e5+¢eg—e7—es)

+ (85 + e — €3 — 64)\/5 (IIlOd p).

Theorem 2.2. Let p > 0 be odd, and Ag(r,p) = 8T%_ 1) — 2P,
(i) If p=1 (mod 4), then
As(0,p) = As(1,p) = 25 + 2" upsi (-1,2),
As(2,p) = As(7,p) = —2"% + 2%7%;1 (—1,2),
As(3,p) = Ag(6,p) = =2 — 2" uyi (—1,2),
Ag(4,p) = Ag(5,p) = 2% = 2" upn (-1,2)
(ii) If p=3 (mod 4), then
As(0,p) = Ag(1,p) = 27 + 2" vuui (-1,2),
As(2,p) = As(T,p) = —2'F + 2" v, (-1,2),
As(3,p) = Ag(6,p) = 2" — 2" v, (-1,2),
A8(47p) = A8(5ap) = pTH - 2PT1'UL1(_172)

+(2r —



If 2 | n, we can get the formulas for Aj(r,n) and Ag(r,n) by using Theorems 2.1,
2.2 and the following facts:
AS(T7 n) - AS(T7n - 1) + AS(T + 17” - 1)7
A16(T, n) = A16(r,n — 1) + A16(7’ +1,n— 1).

2.2 Some lemmas.

Lemma 2.1. Suppose p > 0 is odd, S = Té’(g) — Tf(s) and D = Té’(s) — Té’(g).
(1) If p=1 (mod 8), then

(2) If p=3 (mod 8), then

S = (-1 2" v,_1(—1,2), D= (-1)"% 2" v (—1,2).

(3) If p=5 (mod 8), then
S= (-1 %2 upa(-1,2), D=(-1)"%2" up(-1,2).
(4) If p= "7 (mod 8), then

p+l p—7 p—7 P

S = (—1)"% 2" T vy (—=1,2), D= (-1)"F 2"T v,_1(—1,2).
Lemma 2.2. Let p be an odd prime, S = Té?(g) - Tf(g) and D = T2p(8) - T(f(s)' Then

-1 k—1

(23]
_ . (5D 2 _ (=DF 2
S_1+4 ,;_1 ? (mod p*), D= (mod p?).

Lemma 2.3. Let p be a prime of the form 4k + 1, and b € Z with (b%“l) =1. Then

—1

P | up%l(—l,b) if and only if upTH(—l,b) = (-1)"T (mod p).

Lemma 2.4. Let p be an odd prime, and m € Z with ptm. Then
(p—1)/2

1 _ omP-l_1 (%)up(l—m,Q)—l .
(1) kz—:l k-mk — p -2 D (HlOd p>7
(r-1)/2 (1
2) P - = w (mod p).



Lemma 2.5. Let p be an odd prime, and m € Z with ptm. Then

(p—1)/2 mk (p—1)/2
s

k=1 =1

ﬁ = (m — 1)gp(m — 1) — mgp(m) (mod p).

Corollary 2.2. Let p be an odd prime, and m € 7 with p{m. Then

vp(l —m,2) — 2m(%)up(1 —m,2) 4+ (m—1)? 4+ (m —1) =0 (mod p?).

2.3 Number theoretical applications for Ag(r,p).
Theorem 2.3. Let p be an odd prime, and u, = u,(—1,2).
(1) If p=1 (mod 8), then

up—1 =0 (mod p) and upp = (=15 25 (mod p).
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(2) If p =3 (mod 8), then

Up—1 = (—1)%32%3 (mod p) and uptr =(—1)5 277 (mod p).
(3) If p=>5 (mod 8), then
Up-1 = (—1)%5217%l (mod p) and wup+1 =0 (mod p).

(4) If p =7 (mod 8), then

ptl _p—3 p+1 p—3
8

up—1 =(=1)"® 2% (mod p) and upn =(—1)"5 27 (mod p).
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Theorem 2.4. Let p be a prime of the form 8k+1, and hence p = 22 +2y? for some
x,y € Z. Then p | Up4;1(_]_72) if and only if 4| y.

Let p be a prime of the form 8k + 1. Then p = a? + b? with 2+t a and 4 | b. It is
well known that

p—1

27 =1 (mod p) <= 2is a quartic residue of p <= 8| .

So, by using Lemma 2.3 and Theorem 2.3 we have



Theorem 2.5. Let p be an odd prime. Then

p—1 (2
2k: B o1 4 (_1)k—1
O Y2 =47 Y L (mod p),
k=1 k=1
g [p/8] 1
(11) Z m =4 Z m (mod p)
k=t E=(14(-1) "7 ) /2
2.4 The formula for Ag(r,n).
Theorem 2.7. Forn € N let Ag(r,n) = 9T§+T(9) — 2™, and let

F0)=1, F(1)=0, F(2) =2, F(m+3)=3F(m+1)—F(m) (m=0,1,2,...).

Then
Ag(0,n) = 6F(n) +2(—1)",
Ag(+1,n) =3F(n)—3F(n—1)—(-1)",
Ag(£2,n) =3F(n—1)—3F(n) —3F(n+1) — (1),
Ag(£3,n) = —3F(n) + 2(~1)",
Ag(£+4,n) =3F(n+1) — (=1)™.

Corollary 2.3. Let p > 3 be a prime, and let F(n) be defined in Theorem 2.7.
(1) If p= £1 (mod 9), then

F(p—1)=1 (mod p), F(p)=0 (modp), F(p+1)=2 (modp).
(2) If p= +2 (mod 9), then
F(p—1)=-2(mod p), F(p)=0 (modp), F(p+1)= -1 (modp).
(3) If p= £4 (mod 9), then

F(p—1)=1 (mod p), F(p)=0 (modp), F(p+1)=-1 (mod p).



Corollary 2.4. Let p > 3 be a prime, and let F(n) be defined in Theorem 2.7.
(1) If p= £1 (mod 9), then

[p/9] k—1

—1 2P —2 Fp+1)-—2
E (=1) = +3- (p+1) (mod p).
— k p p

(2) If p= £2 (mod 9), then

/9]

S

(=DFt_2r -2
k o D

>
I
—

(3) If p= +4 (mod 9), then

/9 _
[PZ](_I)k1:219_2_'_3.F(p—l)—F(p)_F(p+1)_2
ok p b




