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Notations.
Let Z be the set of integers, and N the set of positive integers. For r ∈ Z and

m,n ∈ N let

Tn
r(m) =

n∑

k=0
k≡r (mod m)

(
n

k

)
.

For a, b ∈ Z the Lucas sequences {un(a, b)} and {vn(a, b)} are defined by

u0(a, b) = 0, u1(a, b) = 1 and un+1(a, b) = bun(a, b)− aun−1(a, b) (n ≥ 1)

and

v0(a, b) = 2, v1(a, b) = b and vn+1(a, b) = bvn(a, b)− avn−1(a, b) (n ≥ 1).

So un(−1, 2) is the Pell sequence.
In the paper [·] denotes the greatest integer function, (a

p ) denotes the Legendre
symbol, and qp(a) = (ap−1 − 1)/p means the Fermat quotient.

For m, n ∈ N and k ∈ Z define

∆m(k, n) =

{
mTn

n
2 +k(m) − 2n if 2 - m,

mTn
[ n
2 ]+k(m) − 2n if 2 | m.

2.1 Formulas for ∆16(r, p) and ∆8(r, p).

Theorem 2.1. Let p > 0 be an odd number, and let {An} and {Bn} be defined as
below:

A0 = B0 = B1 = 0, A1 = 1, An+1 = 4An − 2An−1 − 2Bn−1,

Bn+1 = 4Bn −An−1 − 2Bn−1 (n = 1, 2, 3, . . . ).
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Then ∆16(r, p) = ∆16(17− r, p), and

∆16(1, p) = 2(p+1)/2 + 4u p+1
2

(2, 4)− 4u p−1
2

(2, 4) + 8(A p+1
2
−A p−1

2
−B p−1

2
),

∆16(2, p) = −2(p+1)/2 + 4u p−1
2

(2, 4) + 8(A p−1
2

+ B p−1
2
−B p+1

2
),

∆16(3, p) = −2(p+1)/2 − 4u p−1
2

(2, 4)− 8(B p+1
2
−B p−1

2
),

∆16(4, p) = 2(p+1)/2 − 4u p+1
2

(2, 4) + 4u p−1
2

(2, 4)− 8B p−1
2

,

∆16(5, p) = 2(p+1)/2 − 4u p+1
2

(2, 4) + 4u p−1
2

(2, 4) + 8B p−1
2

,

∆16(6, p) = −2(p+1)/2 − 4u p−1
2

(2, 4) + 8(B p+1
2
−B p−1

2
),

∆16(7, p) = −2(p+1)/2 + 4u p−1
2

(2, 4)− 8(A p−1
2

+ B p−1
2
−B p+1

2
),

∆16(8, p) = 2(p+1)/2 + 4u p+1
2

(2, 4)− 4u p−1
2

(2, 4)− 8(A p+1
2
−A p−1

2
−B p−1

2
).

Corollary 2.1. Let p be an odd prime, εr = 1 or 0 according as p ≡ ±(2r −
1) (mod 32) or not. Then

u p−1
2

(2 +
√

2, 4) ≡ (ε2 − ε3 + ε6 − ε7) + (ε5 − ε4)
√

2 (mod p),

u p+1
2

(2 +
√

2, 4) ≡ (ε1 + ε2 − ε3 − ε4 + ε5 + ε6 − ε7 − ε8)

+ (ε5 + ε6 − ε3 − ε4)
√

2 (mod p).

Theorem 2.2. Let p > 0 be odd, and ∆8(r, p) = 8T p
p−1
2 +r(8)

− 2p.

(i) If p ≡ 1 (mod 4), then

∆8(0, p) = ∆8(1, p) = 2
p+1
2 + 2

p+7
4 u p+1

2
(−1, 2),

∆8(2, p) = ∆8(7, p) = −2
p+1
2 + 2

p+7
4 u p−1

2
(−1, 2),

∆8(3, p) = ∆8(6, p) = −2
p+1
2 − 2

p+7
4 u p−1

2
(−1, 2),

∆8(4, p) = ∆8(5, p) = 2
p+1
2 − 2

p+7
4 u p+1

2
(−1, 2).

(ii) If p ≡ 3 (mod 4), then

∆8(0, p) = ∆8(1, p) = 2
p+1
2 + 2

p+1
4 v p+1

2
(−1, 2),

∆8(2, p) = ∆8(7, p) = −2
p+1
2 + 2

p+1
4 v p−1

2
(−1, 2),

∆8(3, p) = ∆8(6, p) = −2
p+1
2 − 2

p+1
4 v p−1

2
(−1, 2),

∆8(4, p) = ∆8(5, p) = 2
p+1
2 − 2

p+1
4 v p+1

2
(−1, 2).
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If 2 | n, we can get the formulas for ∆16(r, n) and ∆8(r, n) by using Theorems 2.1,
2.2 and the following facts:

∆8(r, n) = ∆8(r, n− 1) + ∆8(r + 1, n− 1),

∆16(r, n) = ∆16(r, n− 1) + ∆16(r + 1, n− 1).

2.2 Some lemmas.

Lemma 2.1. Suppose p > 0 is odd, S = T p
0(8) − T p

4(8) and D = T p
2(8) − T p

6(8).
(1) If p ≡ 1 (mod 8), then

S = (−1)
p−1
8 2

p−1
4 u p+1

2
(−1, 2), D = (−1)

p−1
8 2

p−1
4 u p−1

2
(−1, 2).

(2) If p ≡ 3 (mod 8), then

S = (−1)
p−3
8 2

p−7
4 v p−1

2
(−1, 2), D = (−1)

p−3
8 2

p−7
4 v p+1

2
(−1, 2).

(3) If p ≡ 5 (mod 8), then

S = (−1)
p+3
8 2

p−1
4 u p−1

2
(−1, 2), D = (−1)

p−5
8 2

p−1
4 u p+1

2
(−1, 2).

(4) If p ≡ 7 (mod 8), then

S = (−1)
p+1
8 2

p−7
4 v p+1

2
(−1, 2), D = (−1)

p−7
8 2

p−7
4 v p−1

2
(−1, 2).

Lemma 2.2. Let p be an odd prime, S = T p
0(8) − T p

4(8) and D = T p
2(8) − T p

6(8). Then

S ≡ 1 +
p

4

[ p−1
4 ]∑

k=1

(−1)k−1

k
(mod p2), D ≡ p

2

[ p+1
4 ]∑

k=1

(−1)k

2k − 1
(mod p2).

Lemma 2.3. Let p be a prime of the form 4k + 1, and b ∈ Z with ( b2+4
p ) = 1. Then

p | u p−1
4

(−1, b) if and only if u p+1
2

(−1, b) ≡ (−1)
p−1
4 (mod p).

Lemma 2.4. Let p be an odd prime, and m ∈ Z with p - m. Then

(1)
(p−1)/2∑

k=1

1
k·mk ≡ mp−1−1

p − 2 · ( m
p )up(1−m,2)−1

p (mod p);

(2)
(p−1)/2∑

k=1

mk

k ≡ 2−vp(1−m,2)
p (mod p).
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Lemma 2.5. Let p be an odd prime, and m ∈ Z with p - m. Then

(p−1)/2∑

k=1

mk

k
−m

(p−1)/2∑

k=1

1
k ·mk

≡ (m− 1)qp(m− 1)−mqp(m) (mod p).

Corollary 2.2. Let p be an odd prime, and m ∈ Z with p - m. Then

vp(1−m, 2)− 2m(
m

p
)up(1−m, 2) + (m− 1)p + (m− 1) ≡ 0 (mod p2).

2.3 Number theoretical applications for ∆8(r, p).

Theorem 2.3. Let p be an odd prime, and un = un(−1, 2).
(1) If p ≡ 1 (mod 8), then

u p−1
2
≡ 0 (mod p) and u p+1

2
≡ (−1)

p−1
8 2

p−1
4 (mod p).

(2) If p ≡ 3 (mod 8), then

u p−1
2
≡ (−1)

p−3
8 2

p−3
4 (mod p) and u p+1

2
≡ (−1)

p+5
8 2

p−3
4 (mod p).

(3) If p ≡ 5 (mod 8), then

u p−1
2
≡ (−1)

p−5
8 2

p−1
4 (mod p) and u p+1

2
≡ 0 (mod p).

(4) If p ≡ 7 (mod 8), then

u p−1
2
≡ (−1)

p+1
8 2

p−3
4 (mod p) and u p+1

2
≡ (−1)

p+1
8 2

p−3
4 (mod p).

Theorem 2.4. Let p be a prime of the form 8k+1, and hence p = x2 +2y2 for some
x, y ∈ Z. Then p | u p−1

4
(−1, 2) if and only if 4 | y.

Let p be a prime of the form 8k + 1. Then p = a2 + b2 with 2 - a and 4 | b. It is
well known that

2
p−1
4 ≡ 1 (mod p) ⇐⇒ 2 is a quartic residue of p ⇐⇒ 8 | b.

So, by using Lemma 2.3 and Theorem 2.3 we have

p | u p−1
4

(−1, 2) ⇐⇒ (−1)
p−1
8 2

p−1
4 ≡ 1 (mod p)

⇐⇒ (−1)
p−1
8 + b

4 = 1 ⇐⇒ p− 1
8

≡ b

4
(mod 2).
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Theorem 2.5. Let p be an odd prime. Then

up−( 2
p )(−1, 2)

p
≡ (−1)

p−1
2

[ p+1
4 ]∑

k=1

(−1)k

2k − 1
(mod p).

Theorem 2.6. Let p be an odd prime. Then

(i)

p−1
2∑

k=1

2k

k
≡ 4(−1)

p−1
2

[ p+1
4 ]∑

k=1

(−1)k−1

2k − 1
(mod p),

(ii)

p−1
2∑

k=1

1
k · 2k

≡ −4
[p/8]∑

k=(1+(−1)
p−1
2 )/2

1

4k − (−1)
p−1
2

(mod p).

2.4 The formula for ∆9(r, n).

Theorem 2.7. For n ∈ N let ∆9(r, n) = 9Tn
n
2 +r(9) − 2n, and let

F (0) = 1, F (1) = 0, F (2) = 2, F (m + 3) = 3F (m + 1)− F (m) (m = 0, 1, 2, . . . ).

Then

∆9(0, n) = 6F (n) + 2(−1)n,

∆9(±1, n) = 3F (n)− 3F (n− 1)− (−1)n,

∆9(±2, n) = 3F (n− 1)− 3F (n)− 3F (n + 1)− (−1)n,

∆9(±3, n) = −3F (n) + 2(−1)n,

∆9(±4, n) = 3F (n + 1)− (−1)n.

Corollary 2.3. Let p > 3 be a prime, and let F (n) be defined in Theorem 2.7.
(1) If p ≡ ±1 (mod 9), then

F (p− 1) ≡ 1 (mod p), F (p) ≡ 0 (mod p), F (p + 1) ≡ 2 (mod p).

(2) If p ≡ ±2 (mod 9), then

F (p− 1) ≡ −2 (mod p), F (p) ≡ 0 (mod p), F (p + 1) ≡ −1 (mod p).

(3) If p ≡ ±4 (mod 9), then

F (p− 1) ≡ 1 (mod p), F (p) ≡ 0 (mod p), F (p + 1) ≡ −1 (mod p).
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Corollary 2.4. Let p > 3 be a prime, and let F (n) be defined in Theorem 2.7.
(1) If p ≡ ±1 (mod 9), then

[p/9]∑

k=1

(−1)k−1

k
≡ 2p − 2

p
+ 3 · F (p + 1)− 2

p
(mod p).

(2) If p ≡ ±2 (mod 9), then

[p/9]∑

k=1

(−1)k−1

k
≡ 2p − 2

p
+ 3 · F (p)− F (p− 1)− 2

p
(mod p).

(3) If p ≡ ±4 (mod 9), then

[p/9]∑

k=1

(−1)k−1

k
≡ 2p − 2

p
+ 3 · F (p− 1)− F (p)− F (p + 1)− 2

p
(mod p).
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