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New supercongruences involving products of two binomial coefficients
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Abstract

Let p > 3 be a prime, and let a be a rational p-adic integer with a # 0 (mod p). We

evaluate
(p—1)/2

Z 1ia\(-1-a and (pzl)/2 1 a\(—-1—-a
k\k k 2k —1\k k

k=1 k=0

modulo p? in terms of Bernoulli and Euler polynomials.
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1. Introduction

The Bernoulli numbers {B,,} and Bernoulli polynomials { B, (x)} are defined by

Bo =1, :Z; (Z) Br=0(n>2) and By(z)= Zn: (Z) Brz" % (n > 0).

k=0
The Euler numbers {E,,} and Euler polynomials {E,,(z)} are defined by Ey = 1,

[n/2] n

E,=-Y. (;ﬂ) Ep_op (n>1) and Ey(z) = 2% 3 <Z> 2z — 1" *E;, (n > 0),

k=1 k=0

where [a] is the greatest integer not exceeding a. In [12] the author introduced the sequence
{Un} given by
2,
Uy=1 and U, =—2 ; (%)Un% (n>1).
It is well known that Ba,+1 = 0 and Fy,_1 = Us,—1 = 0 for any positive integer n. The
sequences {B,}, {E,} and {U,} have many interesting properties and applications (see
for example [4]).
It is easily seen, as in [13], that

2
() (-3

W) <_k:%>2 T 16R ) \ Kk )(f) T ootk

()(3F) - B8, (1)) - 5,
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In 2003, Rodriguez-Villegas [8] conjectured that for any prime p > 3,

p—1 (2’512 _ <_p1) (tm0d p2), pz_i () () - (j’) (mod p?),

16 27k
k=0 k=0
p—l (2k) (4k) _9 p—1 (Sk) (6k) 1

k) \2k) _ 2 k) \3k) _ 2
2 64k = (7}) ) (HlOd D )7 rart 439k ( D ) (mOd D )7

where (%) is the Legendre symbol. These congruences were later confirmed by Mortenson
[6,7].

Let Z be the set of integers. For a prime p let Z, denote the set of rational numbers
whose denominator is not divisible by p. Let p > 3 be a prime, a € Z;, and a # 0 (mod p).
In [14-16], the author obtained congruences modulo p?® for the sums

) O )

Z a\[{—1—a\2a+1 pz_fl a\(—1—a
k k 2k +1’ k\k k
k=0 k=1
in terms of Bernoulli and Euler polynomials.
Recently, Mao and Sun [5] obtained congruences modulo p? for

P2, N 71— b2, N /1y 1
L @O =S G0 e

k=0 k=0

1

p

IS
= o

In particular, these lead to congruences modulo p? for the sums
(p—1)/2 (p—1)/2 (p—1)/2
pz () (%) pz (5) (o) pz () G5e)
e 27k Pt (2k + 1)64F’ e (2k + 1)432k"

In Theorems 2.2 and 3.4 below, we establish congruences modulo p? for

(»—1)/2 l (CL) (_1 - CL) ond (p—1)/2 1 (a> (_1 _ a)
Z k\k k Z 2k — 1\ k k
k=1 k=0

and give similar applications in Theorems 2.3, 3.3 and 3.5 to those in [5].

Throughout this paper, H, = 22:1% for any positive integer n and Hy = 0. For
an odd prime p and a € Z with p { a, set g,(a) = (™' — 1)/p. For a € Z,, let
(a)p € {0,1,...,p — 1} be given by a = (a), (mod p).

2. Congruences for Z__le L (Y (mod p?)

For any positive integer n and variable a let

so-£H(0)



By [14, (2.1)], for a # 0,
(2.1) Sp(a) — Su(a—1) = 2(“_1) (_a_1> 2

a n n

Let p > 3 be a prime, a € Zy, and t = (a — (a),)/p. From (2.1),

(@)~ (@)~ o o
_ kzol(Sn(a—k:)—Sn(a—k:—l)): kzola—k{< : 1)(’“ ‘ 1)-1}
ayp—1
:<k>:0 pt+<z>p_k{<pt+<a>z—k—1>(—pt—((ak—k)—l)_1}
Hence
(2.2) Sn(a) — Sy(pt) = %ptir{ <pt +7j - 1) (—pt —nr - 1) — 1}.

r=1

Lemma 2.1. Let p > 3 be a prime, r € {1,2,...,p— 1} and t € Z,. Then

pt+r—1\/-pt—r—1
p—1 p—1
2 2

2 242

t+1 2(t+1 24(t 4+ 1 .
il " ) +p (r )<2qp(2)+Hr_L42-1> —p(742> (mod p3) if v > g

Proof. We first assume r < L. Observing that (77) (—1)k(x+£_1) and

<p; 1) _ - —k2!) =R k= pHy) (mod p?),

we see that

p—l‘ 2(pt+r—1\/(—pt—r—1
( 2 ) p—1 p—1

2 2

p—1N\2(pt+r—1 pt (pt+ 7+ 25t
Z(T ) 1 )(=1) p—1

— (- (pt—l)---(pt—(E—T)>(pt+1)--~(pt+p%1+r)

pt+r 2
= ()T Pt = )t -2 (00 - (P =)
S (R [ =)
S G (CSPIC Y



pt+1r 2 pt+r. (pz:l)
=
_ gy Pt (p—1)! L1V 1) t“*pﬂ“+pH%Lﬁ
—1) 2 —plp_1_
2

From [3,(49)],

- (5)

) = () (1= pHea) = (—1)"F (1+ 2pgy(2)) (mod p?)
3 2

and we deduce that

pt+r—1 —pt—1r—1 1 pt pHL—l_T
< p—1 > < p—1 > =(1+ 2pqp(2))pt(; 2 72>

N 5 r? r

1 PRp(2)+Ho )y
= pt(f + 2 p—2) (mod p?).
r r r
This yields the result in the case r < £.
Now assume 7 > §. Set t' = —t — 1 and v’ = p —r. Then
(pt+1"—1> (—pt—r—l) B <p(t+1)—(p—r)—1> (—p(t+1)+p—r—1>
p—1 p—1 - p—1 p—1
2 2 2 2

<pt’ +r' - 1> (—pt’ -7 - 1>
p—1 p—1 :
2 2

Since " < &,

pt+r—1\/(—pt—r—1
p—1 p—1
2 2

pt' +1" =1\ [(—pt' — 1" =1\ _ pt p*t! p2t/2
N ( % % - 7 * r! (2Qp(2) + H%_T/) - g
t+1 2t+1 2(t+1)2
TP 2 (p—r)
t4+1)(r + 2(t+1 (t+1)2
_ 1 & p) , P )@%®+H}ﬁg_gg71%mﬁﬁ)
r r 2 T

This yields the result in the case 7 > §. Hence the lemma is proved.
We remark that Lemma 2.1 improves [5, Lemma 3.1].
Theorem 2.2. Let p > 3 be a prime, a € Z, and a # 0 (mod p). Then

~ ~ , p—1
L B i (a) _ )0 (med2) i (el < =5
k=1 k -k k pB,_2(—a) (mod p?) if (a), > p_1



_ Bypo(—a) — By By_1(-a) —By-1  a—(a)

2p — 2 p—1 2
Proof. Set t = (a — (a)p)/p. By [10, Theorem 5.2], ,(617_11)/2 k% =0 (mod p). Thus,
S (t>_(p_1)/21 ot\ [—pt — 1 _(p_z%/zpt pt —1\ [—pt — 1
B P = k\ k ko) K2\ k-1 k
k=1 k=1
(p—1)/2 (p—1)/2
= ; k2<k1><k>_ pt ; kQ_O(modp).

For 1 < (a), < 251, from (2.2) and Lemma 2.1,

(a)p
20 —pt) p(pt+r—1\ —pt—r—1
Se-1(a) —SﬂptHng_ztg{( p-1 >< = > -1

r=1 r=1

For (a), > 5=, from (2.2) and Lemma 2.1,
(a)p

r—opt)((pt+r—1\[/—pt—r—1
st =500+ BB ) (M) )

2
(p—1)/2 (a)p

_ 5 r—pt ]it—l ) r—pt P(t+1)_1

Z ( ) _(%:1)/2 r2 ( r )

(p— 1)/2
—pt (t+1) P

—22 (M) -2 X

<a>p 2pt 1 (a)p (p— 1/2
E2Z<r72*;>+2 Z—pr Z — modp

r=1 r=1

By [10, Theorem 5.2, "V V2 L = 0 (mod p). By [14, (3.4)] and Fermat’s little
theorem, ZT P TQ = Z<a>’1’ rP=3 = 1B, s(—a) (mod p). It follows that

r=

0 (mod p?) if (a), < ——,
(2.3) Spr(a) =2 <@ . 1) =

r=1 pB,_a(—a) (mod p?) if (a), > ~——.
From [14, page 2402] and the fact that Y5 _ % =0 (mod p) (see [10, Theorem 5.1]),

p—1

_1k p_l apl 1 2pt 1
;(k) <Z>E_pt;k2‘;r”@f =2 (57 ;) (mod )




This together with (2.3) yields the the first part.
Putting b = p — 1 and z = —a in [10, Theorem 3.1] and then applying [10, Theorem
2 (with k = p? — 1 and n = 2)] we deduce that

By2p-1)(=a) = Bep-1) _ Bp2-1)p-1)4p-1(=) = B2 -1)p-1)+p1

pi(p—1) P*-p-1)+p-1
By 14p-1(—a) — Bp_14p-1 B, 1(—a) — Bp_1
E(pQ—l) p—1+p ( ) p—1+p _(p2_2) P ( ) P
p—1+p—-1 p—1
Bo,_o(—a) — Bo,_ B,_1(—a) — B,_
_ _Bypa(=a) = Bys  ,Bp1(=a) — By (mod p?).
2p — 2 p—1

This together with [14, Theorem 3.1] yields the remaining part. The proof is now complete.
Theorem 2.3. Let p > 3 be a prime. Then

-1

(i) k6421]’z 56%(2) —P(3CIp( ) +2(— ) 2 p73) (mod p2)>
k=1
(p=1)/2 r2ky (3k
(ii) (;)2(7]2) = 3¢,(3) —p(g 4p(3)? —|—2(3>U _ ) (mod p?),
k=1
(p=1)/2 (3ky (6k
(%) (p) _ 3 p
(i) 3 T2 = 40,(2) + 36,(3) — p(205(2)? + 505(3)2 +5(£ ) Ups) (mod p?).

1
Proof. From [3] or [11, (7.1)], E2, = 42”“% Consequently, £, 3 = —4P~ 2Bp-2(3)

2n+1 p—2
= 1B, »(3) (mod p). Now, taking @ = —% in Theorem 2.2,
(pzléh( 1/4)( 3/4 2p 1 ( 1/4)
k=1 k=1
0 (modp ) if p=1 (mod 4),
= 1 )
{po_2(4) = 8pE,_3 (mod p?) if p=3 (mod 4).

By [14, Theorem 3.2],

p— 1
-2
k=1

D (V1) = 60+ p(27 22— (1T )Eya) (mod ),

Hence, (i) follows by appealing to (1.1).
Taking a = —3 in Theorem 2.2 and applying the fact that B,_ 2(%) = 6U,—3 (mod p)
(see [12, page 217]) we see that

POREEELAE JIC

k k
k=1 k=1
0 (mod p if p=1 (mod 3),
- pBy,- = 6pU,_3 (mod p?) if p=2 (mod 3).



By [14, Theorem 3.3],

22 () =300 - p(30@7 + - (2)Uys) (mod ).

Thus (ii) follows by appealing to (1.1).
Taking a = —% in Theorem 2.2 and applying the fact B,_2(%) = 30U,—3 (mod p) (see
[12, page 216]), we see that

(»-1)/2 (=1/6\ (—5/6 p—1 k—1
) (-1 (-1/6
> L e ()

k k
k=1 k=1
0 (mod p?) if p=1 (mod 3),
= 1 .
po_Q(g) = 30pUp—3 (mod p?) if p=2 (mod 3).

By [14, Theorem 3.4],
p—1 k—1
(=D (-1/6
-2
2y

= 4q,(2) + 3¢,(3) — p<2%(2)2 +

3 p
San(3) +5(3 - 2(5))Up_3> (mod p?).
Thus, (iii) follows by appealing to (1.1).

Remark 2.4 Theorem 2.3(i) is equivalent to a conjecture made by Z.W. Sun (see [17,
Conjecture 1.2]).

p—1

3. Congruences for Y, % 5~(}) (—1k—a) (mod p?)

We begin with a useful result from [5].
Lemma 3.1 ([5, page 254]). Assume that p > 3 is a prime, a € Zp, a % 0 (mod p)
and t = (a — (a)p)/p. Then

@ D2 /N /1 —a\2a+1
=14+ 2t+4pt 2ot 2 - d
S (1) () = e oy EPIECry

7“>p

Lemma 3.2. Let p > 3 be a prime, a € Z,, a # 0 (mod p) and t = (a — (a)p)/p.
Then

(piﬂ l—a 9% + 1
2% +1

k=0

1+ 2t + 4ptqy(2) — 2pt(Bp—1(—a) — By—1) (mod p?) if (a)p < p;;

1426+ dp(t + 1)y (2) — 20(t + 1)(By_1(—a) — By_1) (mod p?) if (a), > L=,



Proof. By [10, Lemma 3.2],

1 Bpi(=a) — By
p—1

= —(Bp-1(—a) — Bp—1) (mod p).

(31) + (—CL + <a>P)Bp_2

Thus, for (a), < p%l the result follows from Lemma 3.1.
Now assume that (a), > 25*. Since Hy = —2g,(2) (mod p),

Hence the result follows from Lemma 3.1.

Let p > 3 be a prime. From [1],

(3.2) Bya(5) ~ Byt = a(3) (mod p),

(3.3) By (§) = Byt = 20,(2) + Sap(3) (mod p).

Also, from [4],

040 2= 2 (et 25 () = 2 (B (5) 5 3)

If a € Zy, then B,_i(a) — Bp—1 € Zp and pB,_1 =p — 1 (mod p) (see [2,9,10]). Thus,

(3.5)
Epo(—a) = pil(Bp_l(—a) —271B, 4 ( - g))
= pil(Bpl(—a) - Bpfl —ort (Bp71< - %) - Bpfl) - (2p_1 - 1)BP*1>

= —2<Bp,1(—a) —Bp1 — (Bp,1< — 5) - Bp,l) + qp(2)> (mod p).

From (3.2), (3.3) and (3.5),

(2 =251 (3) B (5 (1) -5 +0t2)

(3.6) 5 5
= —2(50,(3) — 26(2) ~ 565(3) + 4,(2)) = 24,(2) (mod p).

Theorem 3.3. Let p > 3 be a prime. Then

(p—1)/2 ( ( )
Z k) = (2) (2 — 21 4 3P) (mod p?).



Proof. Taking a = —:13 in Lemma 3.2 and noting that ¢t = —% or —% according as
p=1 (mod 3) or p=2 (mod 3), we see that

(p—1)/2 1 1 2
() ()
— 2k +1\ k k

Now applying (3.2) yields

(5) (1 - 4pa(2) + 20(Bps (%) = Bp-1)) (mod 4?).

(pfl)/2 1 2
1 —= —= P P
’ 3= (5 )1 —4pgy(2 = (£)(2—2rtl 4 3p d p2).
kZ:O 2k+1(k)(k:> (3)( Pap(2) + 3pap(3)) <3>( +3P) (mod p)
Together with (1.1), this gives the result.

Theorem 3.4 . Let p > 3 be a prime, a € Zy and a # 0 (mod p). Then

(p-1)/2

> () e

[ ~@a+ 1)+ 2~ (a))(1+ (20 + 1) Ep2(~2a)) (mod p*)  if {a), < g,
| 20414200+ a— (a),)(1 + (2a+ 1)Ep_s(—2a)) (mod p?) if (a), > %’.
Proof. By [15, Lemma 3.1],
" fa\ (-1 —a\ (2a(a+ 1) + 1)k —a(a+1)
RO
' _afla+1)fa—-1\[(-2-a\ ala+n+1)/fa—1\/-a—1
_2n+1<n>(n>_ 2n +1 <n>(n)
Set t = (a — (a)p)/p. Since a = (a), (mod p), from Lemma 2.1,
l/fa—1\/—-a—-1
p< gt > e ) )
i <at>p + %t(gqp@) FHps ) % (mod p?) i (o) < 2,
t<:>p1 + p(t;— D) (29p(2) + H<a>p7p7+1) — pt(ta;i—l) (mod p2) if (a), > g

For (a), < %, using (3.1), [10, Lemma 3.1] and B, (1 —x) = (—=1)"B,(z) (see [4]),
p—1 1
HPTA,@)Z? = Dp-1— Bp_1<<a)p - T) =B, | — Bp_1<§ n a)
1
= Pp-17 Bp71<§ — a) (mod p).

For (a), > £, using (3.1) and [10, Lemma 3.1],
P2

_ p+1 _ 1
H(d)p—’%’l = Bp-1 - Bp—l( 5 <a>p) = Bp-1— Bp (5 - a) (mod p).

9



Taking n = 25+ in (3.7) and applying these results,

k 4k% — 1

() ()

r (a+ p—;— 1)<t(pt<:>ia> ) Lot

(”1/2<a)< > (2a(a+ 1)+ 1k —a(a+1)
=0

p+1 (t+1)(pt+(a)p)
(at 2 )< (a)p
_ptt+1)

00+ 1) (262) + Byt — By (5~ )

) (mod p?) if (a), > g
1

(1+p(205(2) + By-1 = By1 (5 — ) ) (mod p?),

where t' =t or t + 1 according as (a), < & or (a), > §. As

:t,<13+2a+1
\2

1 (2a(a+1)+ 1)k —a(a+1) 2a+1
=4 2a+1
2k —1 4k2 — 1 ~ (204 )2k‘+1

the preceding congruences and Lemma 3.2 yield
(p—1)/2 1 1_a
2k —1 k
k=0
_4(7]_215/2 a\ [(—1—-a\(2a(a+1)+1)k—ala+1)
B k k 4k2 -1

(p—-1)/2
1—a\2a+1
—(2a41) Z <>< >2k+1

= 2pt’ 42 2a—|—1)t’<1 +p(20)(2) + By1 — Bya (5~ )
) B
)

— ()" *2a+1 —2(2a+1) (1+P(2q19() p-1(=a) + By-1))

= (=) (2a + 1) + 2pt’ + 2(2a + 1)pt’ (B 1(—a) — Bp—1 (1 — a)) (mod p?).

2
By (3.4),
(3.8) B
Ep2(—2a) = j_ 1 (Bp—l( —a+ %) - Bpﬂ(—a)) = By_1(—a) — Bp—1 (% - a) (mod p).

Now combining these congruences gives the result.
Theorem 3.5. Let p be a prime with p > 3. Then

(r—1)/2 2k) (4k) -
. VAR == p+ 1 2

10



(p—1)/2 Qk) (3k)

—~
=
—

~—

= %(g) (2”*‘1 —7—6p) (mod ),

Py 2k: —1 27k
(p—1)/2 3k\ (6k
1
) <2;§ ’i)l(ffizsgk = —5(5) @7 +2+3p) (mod ).

k=0

Proof. Tt is well known that B, (1—2) = (=1)"B,(z) and E,(1—z) = (-1)"E,(z)[4].
—1 (m—1)p—1

For m = 3,4,6, we see that <——>p =P or according as p = 1 (mod m) or not.
From (3.4), Ep_2(3) = B,—1(3) — Bp—1(2) = 0 (mod p). Now taking a = —1 in Theorem
3.4 and then applylng (1.1) ylelds (i).

From (3.6), Ep—2(3) = —2(3) = —2¢,(2) (mod p). Taking a = —1% in Theorem

3.4 and then applying (1.1) ylelds (ii). Taking a = —% in Theorem 3.4 and then applying
(3.6) and (1.1) yields (iii). This completes the proof.
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